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PREFACE

Natural watersheds exhibit spatial heterogeneity in topography, surface

roughness, vegetation, and soil infiltration capacity. The variability of these parameters

has significant influence on surface runoff, pollutant transport and soil erosion. In most

previous work, the spatial analysis of surface runoff was conducted using a one-

dimensional kinematic wave model with a simple infiltration model such as the Green-

Ampt infiltration equation, Philip infiltration equation or Smith-Parlange equation. Most

work analyzed the effects of variability of soil characteristics on the surface runoff peak

and volume, but not surface water depth because the influence of water depth on

infiltration and subsurface flow was neglected. Thus it is necessary to develop a

physically based multidimensional model for the stochastic analysis of coupled surface

and subsurface water flow.

In this study, a model is proposed to couple overland flow with flow in the

unsaturated and saturated zones. The model includes three components and two linkage

utilities, namely, an atmospheric component, an overland flow component and a vadose

zone component, a utility to incorporate the atmospheric component into the vadose zone

component, and a utility to couple the overland flow component and the vadose zone

component.

In the first chapter, a numerical technique based on a finite element method for

solving 1-D Richards’ equation is introduced. Measures are taken to reduce the

oscillatory behavior of the highly non-linear Richards’ equation and to improve the mass

IV



balance of solutions. Evaporation and transpiration are modeled as a specified flux

boundary and internal sink, respectively, within the vadose zone model. Several examples

are presented to demonstrate the accuracy of the vadose zone model.

The second chapter introduces the Penman-Monteith equation for the calculation

of potential evapotranspiration. For soils in the presence of plants, potential

evapotranspiration is partitioned between evaporation and transpiration according to the

plant’s leaf area index and its type. The actual evaporation and transpiration are

calculated by introducing a soil moisture reduction coefficient, which can be calculated

by several methods.

In the third chapter, the 2-D diffusion model of overland flow is derived from the

Saint-Venant equations. Again, the finite element method is chosen to solve the diffusion

wave problem. The infiltration rate is determined by coupling the overland flow

component and vadose zone component. Several examples are presented to demonstrate

the accuracy of the overland flow model.

In chapter four, two case studies are presented to verify the coupled model and

another two examples are used to study how actual evapotranspiration and water

movement in the unsaturated zone are affected when using either average daily or a

diurnal cycle of evapotranspiration in the numerical model.

In chapter five, Monte Carlo simulations are conducted using the coupled model

to study the effect of uncertain spatial variability in Manning’s coefficient, surface

elevation and soil saturated hydraulic conductivity on the mean predicted surface water

depth, the mean predicted surface runoff, and the prediction uncertainty around these

predictions.
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In chapter six, an approximate analytical stochastic model, based on stochastic

perturbation techniques, is developed to examine the effects of spatial variability of

hydraulic conductivity, Manning’s coefficient and surface elevation on surface runoff.

Expressions are derived for estimating the effective parameter values of hydraulic

conductivity, Manning’s coefficient and surface elevation as well as the model prediction

uncertainty. The analytical model is tested against the Monte Carlo simulations presented

in Chapter 5.

Chapter 7 summarizes main findings from the study and gives some

recommendations for future research.
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In this study, a model was developed to couple overland flow with vadose zone

flow. The 1-D Richards’ equation was used to model unsaturated flow and solved using a

finite element method. Evaporation and transpiration were modeled as a specified flux

boundary and internal sink respectively within the vadose zone flow model. The Penman-

Monteith equation was selected to estimate potential evapotranspiration, which was

partitioned between evaporation and transpiration according to the plant’s Leaf Area

Index (LAI) and its type. The actual evaporation and transpiration were calculated by

introducing soil moisture reduction coefficients, which can be obtained by several

methods. A diffusion wave model of overland flow was derived from the Saint-Venant

equations, and solved using the finite element method. Several examples were presented

to verify the overland flow component, the vadose zone flow component, and the coupled

numerical model. These examples showed that each component and the coupled model

IX



are reliable and give results similar to analytical solutions, results from other numerical

models or experimental data.

Using the coupled model developed in this study, Monte Carlo simulations were

conducted to study the effect of uncertain spatial variability in Manning’s coefficient,

surface elevation and soil saturated hydraulic conductivity on the mean predicted surface

water depth, the mean predicted surface runoff, and the prediction uncertainty around

these values. The Monte Carlo simulation results showed that the spatial variability of

saturated hydraulic conductivity, Manning’s coefficient, and microtopography influences

the mean surface runoff hydrograph in runoff starting time, ending time, discharge peak

and volume. Among the three spatially varied parameters, hydraulic conductivity

demonstrates the greatest effect on runoff discharge rate and total volume, while

Manning’s coefficient has the greatest effect on surface water depth.

A 1-D analytical model, based on stochastic perturbation techniques, was also

developed to examine the effects of spatial variability of land surface elevation, surface

roughness, and hydraulic conductivity on surface runoff. Expressions were derived for

estimating the model prediction uncertainty , and the effective parameter values for

hydraulic conductivity. Manning’s coefficient, and surface elevation. The analytical

model was tested against the Monte Carlo simulations results. The comparison shows that

the analytical model agrees reasonably well with the Monte Carlo simulation.
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CHAPTER 1

MODELING WATER FLOW IN THE VADOSE ZONE

1.1 Literature Review

1.1.1 Introduction

The vadose zone is the connection between the saturated zone and the surface.

Precipitation percolates into the saturated zone through this zone. Evaporation and

transpiration draw water from the vadose zone and result in water flowing from the

saturated zone into the vadose zone by capillary forces. Movement of water in this zone

must be studied to understand the influence of precipitation, evaporation and transpiration

on the depth of the ground water table.

Many authors have studied vadose zone flow. The first research on vadose zone

flow may be ascribed to Edgar Buckingham (1867-1940). His theoretical and

experimental studies on the dynamic movement of soil gases and soil physics

(Buckingham, 1907) led to a major contribution to the foundation of soil physics. Based

on the works of Fourier and Ohm, Buckingham rigorously defined the concept of

capillary potential and proposed that the steady flux of moisture through an unsaturated

soil is directly proportional to the gradient of soil-water potential. The mathematical form

of this statement was much the same as that of Darcy’s Law, except that the parameter of

proportionality was recognized by Buckingham to be a function of the degree of soil

saturation with which Darcy was concerned half a century earlier. In a word,

Buckingham provided a paradigm for soil physics and unified the flow process in the

saturated and the unsaturated zone. Thus some soil physicists persuasively argued that we
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should use the phrase “Darcy-Buckingham’s Law” instead of Darcy’s Law, especially

when applying the law to vadose zone flow modeling.

Green and Ampt (1911), who were aware of the work of Buckingham (1907) and

other soil physicists, proposed a simple approximation to quantify the vertical infiltration

of water into the unsaturated zone. The Green-Ampt model assumes a steep wetting front

of infiltration in an approximate homogeneous system. This infiltration model has been

the subject of considerable attention since its publication, mainly because of its simplicity

and good approximation of one-dimensional infiltration into a homogeneous coarse-

textured soil with a small uniform initial moisture content (Philip, 1969).

Richards (1931) combined capillary potential with gravitational potential and

showed that Darcy’s Law, which was originally proposed for saturated porous media,

was equally valid in the partially saturated zone. Richards combined the Darcy-

Buckingham equation with the mass balance equation to produce an equation describing

flow and storage of water in the vadose zone subject to gravitational and capillary forces.

Because of the nonlinearity of Richards’ equation, it was evident that unsaturated

hydraulic conductivity could not be acquired from field data unless some simple

relationship between hydraulic conductivity and soil water pressure could be assumed on

the basis of available data. Gardner (1958) found that over a limited range of soil water

pressure, one could reasonably assume an exponential relationship between hydraulic

conductivity and soil water pressure head. Gardner further pointed out that an exponential

relation helps to obtain a closed-form solution for the one-dimensional problem.

From the beginning of the twentieth century, great efforts were made to find

analytical or semi-analytical solutions to Richards’ equation. Phillip (1957, 1969)
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published a series of articles on the exact solutions of absorption equations and

infiltration equations. His work greatly increased our understanding of absorption and the

infiltration processes.

At the same time, research was being carried out to apply the Green-Ampt model

to more complicated situations. Van Duin (1955) and Bouwer (1964, 1969) extended the

original Green-Ampt model to account for infiltration into layered soils. Childs and

Bybordi (1969) did similar work and showed excellent agreement between the model and

experimental data. Mein and Larson (1973) modified the Green and Ampt concept to

account for infiltration rates that are initially less than soil infiltrability. Their model

showed very good agreement with numerical results obtained by solving the Richards’

equation for several soil types.

With the development of high performance computers, research was carried out to

find numerical solutions to Richards’ equation. Owing to the pioneering work in soil

physics by Gardner (1958), Brooks and Corey (1964), Haverkamp et al. (1977) and Van

Genuchten (1980), it is now easy to select a soil-water relationship and the corresponding

parameters required to develop a numerical model of vadose zone flow. At the same time,

emphasis has been put on finding high-performance numerical schemes to solve

Richards’ equation.

1.1.2 Form of Governing Equation

When developing a numerical model of the vadose zone, the first issue is

selecting a form of governing equation. Soil-moisture-based algorithms can result in

better mass-balance performance compared to traditional pressure-based methods when

modeling infiltration into very dry heterogeneous soil. Unfortunately, soil-moisture-based

algorithms cannot be used for problems containing saturated regions since the soil-water
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diffusivity function goes to infinity for commonly used soil-moisture models (Hills et al.,

1989a).

In contrary, pressure-based solutions to Richards’ equation can be used for both

saturated and unsaturated soils. However, when flux boundary conditions result in steep

wetting fronts moving into very dry soil, pressure-based algorithms usually require small

time steps in order to maintain stability and minimize truncation errors. Because of the

highly nonlinear nature of unsaturated regions bordering those that are fully saturated,

and because of the non-mass conserving nature of pressure-based finite-difference and

finite element equations, convergence and stability have been continuing problems

(Kirkland et al., 1992).

As a compromise, Celia et al. (1990) proposed a modified numerical approach to

alleviate the mass balance problem. This approach introduced a mixed-form equation in

which the storage term is expressed in moisture content while flux terms are expressed in

head potential. A fully implicit time approximation was applied to the mixed-form of the

vadose zone flow equation. The finite difference and the finite-element approximation

using this mixed-formation are perfectly mass conservative (Celia et al., 1990).

However, like moisture-content-based algorithms, mixed-form algorithms are not

applicable to the situation of layered soils, because the moisture content may not be

continuous across the interface between two layers of soil. Thus finding algorithms with a

good mass balance has been a continuing topic of research. Milly (1985) presented a

mass-conserving solution procedure that used a modified definition of the storage

capacity term to force global mass balance. Milly also pointed out the importance of mass

lumping in finite-element solutions to vadose zone flow. Abriola and Rathfelder (1993)
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and Rathfelder and Abriola (1994) discussed several techniques for calculating the

storage capacity term for different lumping methods, namely the standard chord slope

(scs) and distributed chord slope (dcs) approximation. They concluded that the most

effective method in terms of mass conservation and computational efficiency is the

nontraditional finite element chord slope formulation (fees), in which the capacity matrix

is lumped using a single trial function, and capacity coefficients are evaluated with the

‘scs’ approximation.

Kirkland and Hills (1992) proposed two finite-difference schemes —one based on

a transformed Richards’ equation and one on a flux-updating scheme. Kirkland and Hills

claimed that their schemes retained the advantages of the soil-moisture-based method for

fully unsaturated heterogeneous problems while allowing for fully saturated conditions,

and that their schemes were much faster than the algorithms based on the mixed-form of

Richards’ equation using the modified Picard method.

Yeh (1981) solved the velocity discontinuity and mass balance problem resulting

from the standard finite element method by solving Darcy’s Law for the velocity field at

nodal points using the same finite element method used for the pressure field, rather than

simply taking the derivatives of the approximate pressure field. He found that this method

could greatly decrease the mass balance error. Berg (1999) compared two mass-

conserving procedures where the highly non-linear nature of Richards’ equation was

overcome by substantially different iterative techniques.

1.1.3 Selection of Numerical Method

The second issue when developing a numerical model is determining which

numerical method to implement. The most popular numerical methods used in solving

the non-linear Richards’ equation include finite difference methods (FDM) and finite
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element methods (FEM). Finite difference methods are easy to code, but are not efficient

for handling complicated boundaries and boundary conditions. Finite element methods,

on the other hand, are more flexible in coping with complicated boundaries and also

Dirichlet and Neuman boundary conditions. Perhaps the greatest advantage ofFEM over

FDM is that one can efficiently discretize areas that have large curvature, or localized

regions that require detailed study.

Haverkamp (1977) compared six finite-difference schemes. They found that the

head-based implicit method got results at least as good as those of two models that used

the Kirchhoff integral transformation. Examples of finite difference algorithms that deal

with either variably saturated or fully unsaturated conditions were presented by Freeze

(1971), Celia et al. (1990), Kirklan et al. (1992), Clement et al. (1994), Romano et al.

(1998), Yakirevich et al. (1998), Diersch and Perrochet (1999) and Berg (1999). Similar

problems have been examined by Neuman (1973), Cooley (1983), Huyakom et al. (1984,

1986, 1993), Celia et al. (1990), Allen and Murphy (1986), Cordes and Kinzelbach

(1992), Forsyth et al. (1995) and Ju and Kung (1997) using standard finite element

methods. Allen and Murphy (1986) used a finite-element collocation method to solve

variably saturated flow in two space dimensions. Gottardi and Venutelli (1992) used a

moving finite element model to solve one-dimensional infiltration in unsaturated soils.

1.1.4 Numerical Convergence Issues

A third issue that arises when developing a numerical model for vadose zone flow

concerns convergence of the numerical scheme. The simplest approach for solving the

nonlinear Richards’ equation numerically is to use an explicit two-level time

discretization. This approach yields a linear system of equations, minimizes storage

requirements, and on a per-time-step basis it represents a least-cost option (Paniconi et
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al., 1991, 1994). However stability constraints for explicit solutions are very stringent;

and the small time step required to maintain a stable solution can render these schemes

very costly on a per-simulation basis. The weighted two-level time implicit discretization,

on the other hand, results in a nonlinear system of equations, and an iterative approach is

adopted to solve this nonlinear system. The most widely used iterative approaches are

Newton Raphson and Picard methods, with the Picard method being the more popular of

the two. The Picard method was used by Cooley (1983), Hills et al. (1989b), Huyakom et

al. (1983, 1984, 1986), Neuman (1973) and Ross (1990).

Paniconi et al. (1991, 1994) compared different iterative strategies and concluded

that the Newton iterative method is quadratically convergent compared to linear

convergence for the Picard scheme. However, both iterative Newton and linearized

Newton result in nonsymmetrical system matrices, that lead to problems in solving the

system of linear equations.

Huyakom et al. (1984) stated that the use of the chord slope approximation of

capacity term can drastically improve convergence of the nonlinear iterations. He also

recommended that the Newton iterative method be used in certain situations where the

relative permeability and water saturation functions are very highly nonlinear.

Forsyth et al. (1995) introduced a primary variable switching technique for

modeling variably saturated flow. Diersch and Perrochet (1999) used this technique in

their research and found that the technique represents a fast and robust strategy for the

unsaturated problem with dry initial conditions.

Huang et al. (1996) proposed a soil-moisture-based convergence criterion derived

using a Taylor-series expansion of the water content. They found that the new nonlinear
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convergence criterion was computationally much more efficient and robust than the

alternative two criteria. Ju and Kung (1997) discussed the efficiency of mass types,

element orders and matrix solution methods for the Richards’ equation. They stated that,

when using consistent mass or quadratic/cubic elements, one cannot arbitrarily reduce the

time step to achieve convergence. They found lumped mass schemes with linear elements

produced good results.

1.2 Development of Governing Equation

The equation that describes the movement of water with variable saturation can be

derived by combining the equation for conservation of mass for water with auxiliary

equations for fluid flux and storage.

1.2.1 Conservation of Mass

The continuity equation (which considers storage, flux, fluid sources and sinks) is

used to describe mass conservation. For a unit volume of soil medium, the continuity can

be expressed as

~(.pSJ) = ~^~(pq) +pQ ( 1 - 1 )
at ox

i

where p is the water density (ML'
3

); Sw is the water saturation (L°);
(f>

is the porosity

(L°); t is time (T); q is the Darcy velocity or specific flux (LT'
1

); Q is the volumetric flow

rate per unit volume of soil medium representing water source(+) or sink(-) (T'
1

); and Xj

is spatial coordinates (i=l ,2,3) (L).

The continuity Equation 1-1 states that the rate of change of water mass stored in

a unit volume of soil matrix must be balanced by the sum of water flux across the unit

volume and of water added by sources or removed at sinks from the unit volume of soil

matrix.
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1.2.2 Specific Flux

In Equation 1-1, specific flux can be calculated by the Darcy-Buckingham

equation. The Darcy-Buckingham equation is considered valid in porous media with the

Reynold’s Number (Re, which is equal to U*D/v, where U is the velocity of the fluid, D

is the characteristic length, and v is the kinematic viscosity of the fluid) less than 10.

Pgkjjk
r
(h) dH

ju dxj
( 1 -2 )

where k
tj
is the intrinsic permeability of the medium (L

2

); kr(h) is the relative hydraulic

conductivity as a function of pressure head (L°); h is the pressure potential (L); g is the

gravitational acceleration (LT'
2

); // is the dynamic viscosity of the water (ML'
1 !' 1

); H is

the total potential of the water, expressed as the height of a column of the water (L).

Usually, a lumped hydraulic conductivity K
{]
(LT

1

) is used in the Darcy-Buckingham

equation.

PjWrW
M-

(1-3)

Total water potential consists of two parts, pressure potential and gravitational

potential resulting from position relative to a selected reference datum. The convention

used in this work is that vertical distance z is assumed positive downward with datum at

or above the land surface. Below the water table, the pressure potential is proportional to

the weight of overlying water and increases with depth. In the unsaturated zone, water is

held in the porous media by adsorptive and capillary forces. The pressure potential exists

as tension, so it is negative. The equation for total water potential is written as

H = h + h =-£--*
Pg

(1-4)
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where hz is the gravitational potential (L); p is the water pressure (ML''T2

); and z is the

position relative to datum (L);

In soil physics, it is customary to rewrite Equation 1-4 in terms of a suction

pressure y/, defined as

y, =
P^-
Pg

where pa is the atmospheric pressure. Then, water flux can be expressed as

(1-5)

<ii

dxj dxj
( 1 -6)

1.2.3 Storage Term

For transient flow, drainage in water storage must be considered. Water storage is

expressed by the first term in Equation 1-1 and can be expanded using the product rule:

djpSj)

dt

Jes)
= pt — +ps

v dt j

'df

V dt J

+ S</>

y dt ,

(1-7)

The three terms on the right-hand side of Equation 1-7 account for changes in

water stored in a unit volume owing to changes in water saturation, compression or

expansion of pore space of the porous medium (soil matrix) because of pressure change

and compression or expansion of the water.

Using the pressure head ^as the principal variable, Equation 1-7 can be written in

terms of ^by using the chain rule of calculus to yield

d(pS</>)

dt
pc/)

r dS^

K dy/j
+ pS

(
d<j>^

\ dy j

+ S0
( -

> \dp

v dy j

dy/

~dt~
(1-8)

The following expressions can be defined:

C = <j>
= specific moisture capacity, L'

1

dy/
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= matrix compressibility, M _1

LT2
,

dip

P = —

=

fluid compressibility, M^T2
;pdy

and S
s = pg(</>/3 + a) = specific storage, L'

1

.

So Equation 1-8 can be expressed as

d(pS<t>

)

dt
=[pcW)+pss,}^ (1-9)

1.2.4 Soil Moisture Characteristics and Specific Moisture Capacity

For partially saturated media, the pressure potential becomes more negative as the

moisture content decreases, and hydraulic conductivity decreases as moisture content

decreases. The curve that relates moisture content to soil potential is termed the soil

moisture-characteristic curve. This relation, along with several other relations such as k-

i|/, \|/-0, 9-v|/ relations, are used in modeling vadose zone flow.

When solving vadose zone flow using either the head-based or mixed-form

equation of Richards’ equation, specific moisture capacity needs to be handled carefully

because of the nonlinear relationship between moisture content and pressure potential.

Specific moisture capacity is defined as the slope of the moisture-characteristic curve,

which describes the change in saturation with respect to a change in pressure potential

under unsaturated conditions.

In the model developed in this study, four types of relationships for the soil

moisture function k=k(\j/), and 0=0( \\i) can be used to characterize different types of soil

(see Table 1-2). These are two from Gardner (1958), which were used by Haverkamp et

( 1 - 10)
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al. (1977), one from van Genuchten (1980), and one from Brooks and Corey (1964). In

multi-layer soils, all four equations can be used together.

Table 1-1 . Soil moisture characteristic and specific moisture capacity for different

models

Gardner (1958), Gardner (1958),

Van Genuchten

(1980)

Brooks-Corey

(1964)

•MvO
a + kf a + (hV|f

k = k.

K(«0 k = k„

e-e,

A

k=k.
K(0)

. (^f

k = k

A + e y

A

a + H" A + |rf

©(vO e=er A-S'{e,-e) e=d
r
+s

€
(e

s
-e)

V (0) ¥ =
r
a{e

s
-e ^

lr

e-e,
,

iy = -e

a(0
s
-0

0-0,

i 'r

S„ =
1

k = k
s
s
e

x

(,-(i-s«
1/

"T)
2

o=er+ se (os
-o)

1

y/ = —
a

_ _ ,1/m
9izA\ _j
0-0,

n.

* =
k=k

{>

w

k = k.

f >-2-3*
V

\V\>]

e = er+S'(es
-6)

n
v =

, xl/A

C(vO C((/) =
- g

r )r|H

(« +Mr
)

2

ir-i

ar>=
<*(0S -0rMlnM)

r MH
(«+(|H)

r
)
2

cw amn(0
5
- 0r )(g|<y|)

n

(l + (|aH)
n
)
m+1

C(^) = -(0
s
-0

r
)x

t >-(*+1)

a, (3, y, A—constant (L°)

Parame ks—saturated hydraulic conductivity (LT 1

)

-ters 0 s—saturated moisture content

9r—residual moisture content

a—constant (L'
1

);

m,n—constant(L°),

with m = l-l/n

X—constant (L°)

h
b
—bubbling

pressure (L).

The first and second types of relationship were used by Haverkamp et al. (1977)

for a sand and a Yolo light clay. The Haverkamp soil-moisture relationship fits moisture-

characteristics with large curvature reasonably better than the Brooks and Corey soil-

moisture relationship (Lappala et al. 1987). However, the Haverkamp soil-moisture

functions need four parameters (A, a, (3, y ) to describe the k-h and 0-h relations, while

the Brooks and Corey functions only need two parameters (k, hb). The van Genuchten
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relationship has been reported to match experimental data more satisfactorily than the

Brooks and Corey relationship. Two parameters (a, n) are also needed to describe the k-h

and 9-h relation in the van Genuchten model.

In describing soil-moisture characteristics, effective saturation is introduced for

convenience. Effective saturation is defined as

s
e {0)

=
o-o,

9 .
- 9 .

( 1
- 11 )

where se is the effective saturation (L°j. 0 is the volumetric moisture content(L°); 9
s

is the

moisture content at saturated condition(L°); 9
r

is the residual moisture content(L°).

1.2.5 Governing Equations

Plugging Equations 1-6 and 1-9 into Equation 1-1, we obtain

p(C(y/) + SS
s )

dy/ _ d

dt dx. dxj dxj
+ PQ ( 1 - 12 )

Assuming that the water is incompressible and the overall storage coefficient r)

C(y/) + S Ss, then Equation 1-12 can be rewritten as

^a-ar dxj dxj
+ Q (1-13)

This is the y/ -based governing equation, which can be used in solving both

unsaturated and saturated flow.

For the unsaturated zone, specific storage S s plays a relatively insignificant role in

Equation 1-13. Thus the equation maybe approximated as

dt dt dx :

KMys\
dy/ dz

dx ; dx

,

) + Q (1-14)
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where 8 = S</> is the volumetric moisture content (the ratio of the water volume to the

bulk volume of the porous medium). Equation 1-12 represents the mixed-form of the

Richards’ equation.

If a function called hydraulic diffusivity (L
2
T') is introduced as

D
o (0)

= K k
r
^

,J 11 r

d8

then Equation 1-12 can be rewritten as

(1-15)

d0___d_

dt dx,

88^57-W)-dz
dx.

+ Q (1-16)

Equation 1-16 is the 0-based governing equation, which is valid only for vadose

zone flow.

1.3 Initial and Boundary Conditions

The solution to the above governing equations requires that initial values of 0 or

v|/ be specified everywhere in the solution domain R. According to Lappala et al. (1987),

these initial conditions usually represent some type of steady state or equilibrium. If

initial conditions are used that do not represent steady state, any simulation results will

include transient effects from the difference between specified initial conditions and

equilibrium conditions. For vadose zone flow, the equations are not linear. Therefore it is

not possible to use the principle of superposition to subtract out the effects of transient

initial conditions.

Boundary conditions must specify either the flux of water across the boundary or

the head along the boundary. Given a domain Q e with a boundary F, the boundary

conditions can be expressed as
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V ~ V b\ (0 along boundary Tp for the specified head (Dirichlet) boundary.

q = q B2 (t) along boundary fN for the specified flux or (Neumann) boundary.

r = rD u rN with rD n rN = o

1.4 Development of 1-D Vadose Zone Flow Model

In this study, we use a finite element Galerkin discretization in space and a finite

difference discretization of the time derivative term to solve the one dimensional

Richards’ equation. The equation can be solved using the 0-based, (p-based or mixed-

form of the equation.

1.4.1 Model for 0-based Form Equation

In Equation 1-16, 0, Dy, kr can be replaced by trial function of the form

k
r
(x

i ,
t)
= Nj(x

i
)krj (t)

where N is the trial function; i,j is dimension index (=1,2,3 for one-,two-, or three-

dimensional problem respectively); J is node index, range from 1 to the number of nodes

in an element (i.e. for a two-node element, J=l, 2, for a three-node element, J=l,2,3),

here summation is implied.

Selecting the trial function for the test function, Equation 1-16 can be written in a

weak weighted residual form as

6{x
i
,t) = NJ {x.

l
)6J {t),

D
0
(x„t) =NjWD'M (1-17)

(1-18)

Application of Green’s Theorem leads to the discretized form of Equation 1-16
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UN,Nj^-dn+ja
dt

a se

D&®LL6j -K,i^—)
dx

: dx
J

d̂x .. dx
dQ-

i j

c a nti a /•

Jr N, (A,
— - K„K t-)»A - \a

N,Qdn = 0

(1-19)

dx dxj

where Q is the solution domain with boundary r = rD U r,v . It is understood that for the

nodes on the boundary portion rD ,
Equation 1-19 is replaced by the appropriate

Dirichlet (prescribed pressure) boundary conditions introduced by modifying the global

matrix. Without affecting the end result of the matrix formulation process, Equation 1-19

can now be replaced by the following equation, which incorporates the prescribed flux

condition on boundary portion rN .

dfj
[A]{—} + [*]{0} = {F}

dt

where matrices A, B and F can be calculated as

4/=I \^,Njdn
e

U ^ J n ,J Av Avdx
t

dxj

J cf
K„k

r
——dCl+

f r N, (D — - K,i —)n,dT + \nN,QdQ
v

n 9 '
dx, dXj Jr" 7 IJ

dx
j

,J
r

dx/
' 1

J

(1-20)

( 1 -21 )

( 1
-22 )

(1.23)

The integration is conducted over an element ‘e\

Ju and Kung (1997) have shown that using higher order finite elements results in

oscillatory behavior, so here we use a two-node linear element. This element is frequently

referred to as a Co-linear element since it has zeroth-order continuity between elements.

The shape functions are given by:
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(e) / \ %2 ^
N"‘(x) =

N
2

w
(x) =

x- X,

(1-24)

x
2
~x

l

Substituting Equation 1-24 into An, By and Fiwe get (the detailed derivations are

listed in appendix A).

~L. L.

A (e) = 3 6
L L

e_ e

6 3

L
"2 f

e

”
6 1 2

(1-25)

B («)

D D
2L

e 2Le

D D
2L. 2L

D
2L.

1 -1

-1 1

(1-26)

F(e

\
= KkA—^—dx

1
J* dx dx

+ A, (Kk
d̂ /
- - Kk —

)

1 r

dx,
r

dx
f

2 N
x
Qdx

Jx,

= -K
k,

'
+k

' 1 +QB-+q„(x
i)

2 2

*. a- &

= k Kll^L+Sk+g (x)

N
2(KK^-Kk,^)

ox. ox f N2
Qdx

Jx,

-IJC,

(1-27)

where Le = X2-X 1 ;
D =

D, + D
2

q in
(x, ) , q in

(x
2 ) are the fluxes at node 1 and 2

respectively; k
rX , k r2

-are the relative hydraulic conductivities at node 1 and 2

respectively.

1.4.2 Model for i|/-based Form Equation

For the V|/-based governing equation, q, ¥, kr can be represented by trial functions

of the form
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lV(X
i
,t) = Nj (X; )l//j (t ),

Tj(x
i
,t) = NJ (xi

)TJJ (t) (1-28)

k
r
(x

i
,t) = NJ (xi

)krJ (t)

Applying the Galerkin criterion and Green’s theorem to Equation 1-13 results in

,J
'

^ dx ; dx :

jr N,Kt
k
r(^—^-)ndr- JQ

jv,grfn=o

dz

dx
t

dXj
dQ-

(1-29)

Writing Equation 1-21 in matrix form,

MK^}+[B]W =m
dt

where matrices A, B and F can be calculated as

(1-30)

(1.31)

B„ =£ f K
u
k

r

^ rfQ
IJ /—l]ne

‘J r
P>ycbq.

(1.32)

^ =s(W'frJr rfn+
* i j

dXj
(1.33)

Plugging Equation 1-19 into Au, By, we get

A (e) =
12

3*7, + 72 ^ + 72

7i + 72 7, + 3rj
2

(1-34)

5 (<0 _

A
-

24

4
2Z„

A
24

4
24

A
24

1 -1

-1 1

(1-35)

F (e)
can be expressed in the same two parts as in Equations 1-27.
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1.4.3 Model for Mixed-form Equation

In the mixed-form of Richards’ equation, the term d0 k+lm+1
/dt is expressed as:

(Celia et ah, 1990; Rathfelder et ah, 1994)

^Qk+\,m+l Qk+\,m+\ Qk

dt At
(1-36)

where k, k+lare the previous and current time step respectively; m, m+1 are the previous

and current iteration times respectively in current time step k+1; <9*
+1,m+1

is the moisture

content at current iteration of current time step.

The g k+lm+l
can be expanded by Taylor series about i//"'

:

e
k+\,m+\ ^ Qk+\,m £-» k,m ^^k+\,m+\ ^ k+\,m

^ (1-37)

Plugging Equations 1-36 and 1-37 into Equation 1-14, the following equation is

obtained:

Qk+lm +ck,m^k+\,m+\ _^+1,™
)
_ 0* Q

At dx,

Kyk
r
(V|/)(-

<9i|/ dz

dxj dxj
) + Q (1-38)

After some arrangement, we get:

'i k,m f tir k+l,m+\ ^k+\,mC k 'm
(ii/

k

At

)_ =±
dx,

+G +
dx , dxj

dO m

dt
(1-39)

In the mixed-form, 9, \\i, kr are represented by trial functions of the form

y/(x
i
,t) = NJ (xi )y/J (t),

0(x
i
,t) = NJ (xi

)0J (t) (1.40)

k
r
(x

i

,t) = NJ (xi

)krJ (t)

Applying the Galerkin criterion and Green’s theorem to Equation 1-39 results in
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-J-
-vf"-)da

At

+J
- dN 8NW 1 J

dx
i

dxj
Yj~

dN, dz

dx : dx-
dQ = (1-41)

\r
N,K

ll
kr(.^--A-)n,dr + \a

N,QclCl~
\a

N,Nj~dQ

This can be written in matrix form as:

r **'•’
) + [«] {V~"

} = {F} - [£]
At dt

(1-42)

where matrices A, B and F can be calculated as

^ h-OWn
e

b„ =X L.£,A~~dnu ^ Jn y r

a*.. 5x
i j

Eu=Y.\„N,NJdn
e

F.=j{ U-
KA^-^da+ f,

-*
9i|Vr+ i^.Qda

dxj dX
j

'

(1-43)

(1-44)

(1-45)

(1-46)

For the mixed-form governing equation, the matrices [A], [B] and vector {F} are

the same as those obtained from the i|/-based governing equation. Additionally, in this

case the matrix [E] is the same as the matrix [A] obtained from 0-based governing

equation:

e

6

1

2
(1-47)
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1.4.4 Issues Concerning the Numerical Model

When simulating water flow in the vadose zone using the head-based or mixed-

form of the governing equation, the consistent mass scheme may cause unstable

oscillations, while the lumped mass scheme with linear elements can successfully

simulate water movement in unsaturated soils with low initial water content without

causing any numerical oscillation (Milly, 1985; Celia, 1990; Abriola and Rathfelder,

1993; Ju and Kung, 1997). Two kinds of lumped schemes, namely “LI” and “L2”

schemes (after Milly, 1985), are used in this study.

The “LI” scheme is obtained by replacing the integral of A (e)
in Equation 1-34 by

the expression:

A (e)
ij = S

g £ rjN
t
dx (ij = 1

,
2 ) (1-48)

After plugging 7 and Nj into this equation, one gets the lumped capacity matrix:

A (e) = -2-
277, + jj2 0

0 tj
]
+ 2t]

2

(1-49)

The “L2” scheme is obtained by replacing the integral in Equation 1-34 by the

expression:

Aw,j=S,
I
v,['N,dx (ij = 1,2) (1-50)

After plugging rj
i
and Nj into this equation, one gets the lumped capacity matrix:

A (e) =^
2

7i 0

.0 72

(1-51)

For mixed-form, the E matrix can also be lumped as:
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(1-52)E (e) = 4 i o

2 0 1

For comparison, the expressions for the matrices A and E for various lumping

schemes are summarized in Table 1-2.

Table 1-2. Capacity matrices A and E for different lumping schemes
Lumping scheme

code in this study

0 (consistent)

1 (LI)

2 (L2)

Capacity matrix A (for head-

based and mixed-form) Matrix E (for mixed-form only)

^1IIA 3/7, +r/
2

r/^ + rj
2

~

E (e) -
'2 f

12 _rh+th V\ +42 _
6 |_1 2\

^ = 4 2tj
x
+t]2 0

E ( c) — 4 T o'

6 0 + 2tj
2

2 |_° lj

A (e> =^ >7, 0
to II 1̂ft

'1 o'

2 _° 'll.
2 L° 4

In solving Equations 1-20, 1-30 and 1-42, several factors should be considered:

(1) The 0-based governing equation is only suitable for the unsaturated zone,

because in the saturated-zone 0 does not vary with pressure head and therefore the

hydraulic diffusivity Dq which depends on dy/ 1 dO will go to infinity.

(2) When using the i|/-based governing equation, caution should be practiced

because mass balance may be a problem especially for dry initial conditions. To solve

this problem, very small space and time steps can be used. Obviously this will greatly

increase computational requirements. Another solution is to use the mass-balance

approach (Yeh, 1981; Milly, 1985; Celia et al., 1990; Abriola and Rathfelder, 1993;

Rathfelder and Abriola, 1994). In this approach, the storage coefficient is evaluated as an

effective, or average, value over the element and over the duration of the time step

(Milly, 1985).
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(3) When using FEM to solve for 9 or \|/, higher order test functions unavoidably

produce oscillatory results (Ju and Kung, 1997), so in this research only lower order test

functions are used. Using a consistent capacity matrix A is also prone to oscillatory

results, and therefore for this work a lumped capacity matrix A is recommended,

although a consistent capacity matrix A can also be used.

(4) Equations 1-20, 1-30 and 1-42 are nonlinear because matrices A, B and F are

functions of 0 or \j/. To solve nonlinear equations, usually the Picard method, Newton-

Raphson Method or Modified Newton Method are used. Using these methods, a system

of linearized equations can be obtained. The Picard method has a first-order convergence

rate, and the left hand side matrix is symmetric and positive definite, so the equation can

be solved using the highly efficient Preconditioned Conjugated Gradient (PCG) method.

The Newton-Raphson Method requires calculating the Jacobian matrix, however, the

Newton-Raphson Method converges much more rapidly than the Picard method.

1.5 Convergence Criteria and Mass Balance Calculation

Huang et al. (1996) proposed a soil-moisture-based convergence criterion derived

using a Taylor series expansion of the water content and found the new nonlinear

convergence criterion to be much more computationally efficient and robust than the

other two criteria of their comparison. However, when ponding occurs when precipitation

rate is greater than infiltration rate and part of the vadose zone becomes saturated, the

soil-moisture-based convergence criterion is no longer valid. Thus the convergence

criteria used here follows that by Rathfelder and Abriola (1994).

\W
m+\ V

< epsmax (1-53)
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where eps is convergence criteria.

Following the work done by Rathfelder and Abriola (1994), the global mass

balance error is calculated by

M -M
error(%) = 1001.0

' 0

2X
At

(1-54)

where M t is the mass storage at time t, M0 is the initial mass storage at time zero, and FAt

is the mass entering the computation domain during the time step A t. Mt and FAt are

calculated by the method of Liedl et al. (1996).

^t+At #0
Az n-

1

1/2 Az h-1/2

i=l

(1-55)

fa, =(^o (1-56)

where 0O is the moisture content at first node; 9
n
is the moisture content at last node; q Q

is the flux at boundary at first node; q n
is the flux at last node; Az,. is the segment length

including node i ( half the length from node i-1 to i, and half the length from node i to

i+1). The boundary fluxes may be calculated as

#0 6^1/2 + (&0,n
n ^1/2

2M

<ln =<ln-U 2
+(0n,m ~ ^,m+ l )

Az
1/2

2At

(1-57)

(1-58)

where 0O m is the moisture content at first node at previous time level m; 00 m+1 is the

moisture content at first node at this time level m+1; O
n m is the moisture content at last

node at previous time level m, 9
n m+1 is the moisture content at last node at this time level

m+1; qV2 and qn_V2 are the water fluxes through the first and last element.
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The water flux through an element can be calculated as

f

Qi+X/2
~ Km / 2

Vm ~ Vi

V ^1+1/2

-1 i=0, 1, 2,...,.n-l (1-59)

Table 1-3. Parameter values for five types of soil used in examples

Soil Type Function Ks(cm/s) A a/ W p/n r e s e r

Sand 1 Haverkamp 9.440*1 O'
3

1 . 1 75*1

0

6
1 .61 1 *1

0

6
4.747 3.960 0.2870 0.0750

Yolo 2 Haverkamp 1.230*1
0' 5

1 .246*1

0

2 7.390*102
1.770 4.000 0.4950 0.1240

Berino 3 V-G 6.261*10 3 — 2.8*10'3 2.2390 ... 0.3658 0.0286

Glendale 4 V-G 1 .5 16* 1

0‘4 — 1.04*1
0'2

1.3954 ... 0.4686 0.1060

Clay loam 5 B-C 8.750* 1 O'
4 ... -5.4 0.2 ... 0.52 0.0

1.6 Verification of the Model

In this study, several types of soil were used in the verification examples. Table 1-

3 summarizes the soil moisture characteristic parameters for each soil. The hydraulic

properties of each soil are described by one of the three relations, the Haverkamp

relations; the Van Genuchten (V-G) relations and the Brooks-Corey (B-C) relations.

1.6.1 Example Problem 1

The first example is taken from the VS2DT documentation (Lappala et al., 1987).

This is a problem of one-dimensional vertical infiltration into a soil with uniform initial

pressure head of-130 cm. The soil is Glendale clay loam (Soil Type 5 in Table 1-3). Its

hydraulic properties were modeled with the Brooks and Corey equations. Hb, X, 0 S 9 r and

Ks were -5.4 cm; 0.2; 0.52; 0.0 and 8.75* 1

0"4
cm/sec, respectively. At 0 hours a constant
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pressure head, equal to -5.4 cm, was applied to the uppermost node. The pressure head at

the bottom node did not change through the simulation period. The length of the

simulated column was 60 cm.

o

-20

-40

-60

S -80
X

-100

-120

-140

K>o<xx><Xg*XXXK£><xxxxx>Ott<XKK£XXXXXxxxxxxxxx x x
X * *\

\ \ 1 X
X VS2DT

X

X
\

X

model

0.5

’

1X

3 hrs

x 1

* w L
*xxxxxx$xxxxxxxxxxxxMxxxxxxxxxxxxXxxxxxxxxxxxKM

10 20 30 40

Depth (cm)

50 60

Figure 1-1. Comparison of head profiles calculated by VS2DT and model developed in

this study for an infiltration problem with specified head of -5.4 cm at the top boundary.

For this example, the fully implicit head-based form of Richards’ equation with

lump parameter equal to 2 was used. Figure 1-1 shows that the results from VS2DT and

the model developed in this study are very similar, with the VS2DT model showing

slightly more dispersion of the wetting front.

1.6.2 Example Problem 2

For the second example problem, simulation results are compared to experimental

results by Haverkamp et al. (1977) for vertical infiltration of water into sand.

The hydraulic properties for the soil were selected from soil Type 1 in Table 1-3.

A 70 cm soil column was used. A constant soil moisture content of 0. 10 cm /cm was

used as the initial condition for this experiment. Water was applied to the upper boundary

at a constant rate of 13.69 cm/h through the experiment. The bottom boundary was fixed

at a moisture content of 0.1 through the experiment.
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The model was run with a fully implicit scheme and the “L2
” lump scheme. The

results from this model are shown in Figure 1-2 along with the experimental data. The

simulated results, which are very similar to those by Haverkamp et al. (1977), agree

reasonably well with experimental data except that the wetting front from the experiment

moves a little more rapidly than the simulated wetting front.

Figure 1-2. Comparison of the infiltration profiles from experimental data and running

the model with lump=2 for an infiltration problem with specified flux of 13.69 cm/h at

the top boundary.

1.6.3 Example Problem 3

This example compares the numerical model developed in this study to the

analytical solution developed by Srivastava and Yeh (1991). The dependence of

hydraulic conductivity and the moisture content on the pressure head is assumed to be

described by a power function:

K = K
s
e
av and 0 = 0

r + (0S
- 6

r
)e

av
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where Ks is the saturated hydraulic conductivity (L/T); 0s is the saturated moisture

content (L°); 0r is the residual moisture content (L°); and a is the soil pore-size

distribution parameter (L'
1

).

Table 1-4. Parameter values for two types of soil used in examples
Problem Thickness of

no zone (cm) Ks (cm/hr) a (cm
1

) e s e r q a(cm/hr) qb(cm/hr) v|/0(cm)

1 100 1.0 0.1 0.40 0.06 0.1 0.9 0

2 100 1.0 0.01 0.45 0.2 0.1 0.9 0

In this example, two problems are solved that have the same soil parameters

except a. In both problems, the thickness of the homogeneous soil is 100 cm. The

saturated hydraulic conductivity was 1 .0 cm/hr. and the a values were 0.1 cm'
1

and 0.01

cm'
1

,
respectively. The saturated and residual water contents of the soil, with a=0.1, were

taken as 0.40 and 0.06, respectively; for a=0.01 they were 0.45 and 0.2. The initial

pressure head profile was the steady state infiltration profile at an infiltration rate qa equal

to 0.1 cm/h. Then, after time zero of the simulation, the infiltration rate qb was increased

to 0.9 cm/h (see Table 1-4) for the duration of simulation. The bottom boundary was a

fixed head boundary with pressure equal to zero (i.e. a water table boundary).

For each example (one with higher infiltration capacity a=0.01, and one with

lower infiltration capacity a=0.1) the model was run twice with fully implicit schemes

and two lumping techniques. Figures 1-3 and 1-4 show that both schemes give results

close to the analytical solution by Srivastava and Yeh (1991) with the consistent mass

scheme (L0) giving better results. For the “L2” lumping scheme, at the onset of

infiltration, the solution deviates somewhat from the analytical solution. This deviation

becomes smaller as infiltration proceeds.
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Figure 1-3. Comparison of head profiles from the analytical solution by Srivastava and

Yeh (1991) and this model, for a homogeneous soil with a=0.1.

Figure 1-4. Comparison of head profiles from the analytical solution by Srivastava and

Yeh (1991) and this model, for a homogeneous soil with a=0.01.
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1.6.4 Example Problem 4

This example compares results from the numerical model developed by Gottardi

and Venutelli (1993) to the numerical solution developed in this study. The hydraulic

properties and Haverkamp function values for the soil were selected from soil type “1” in

Table 1-3. The initial head was uniformly set at -100 cm except the uppermost node,

which had a head of-50 cm. The head of the bottom boundary was -100 cm and kept

unchanged during the whole simulation period. After time zero, a constant flux equal to

0.0045 cm/sec was applied to the uppermost node. The length of the simulated column

was 120 cm.

Figure 1-5. Moisture profiles at times 0.2, 0.4 and 1.0 hours for a homogeneous soil with
constant flux at the top of the column and constant head at the bottom of the column.

The head-based form of our model with a time weighting factor of 0.5 and both

the consistent and “L2” lumping schemes were compared to the Gottardi and Venutelli

(1993) model with both the FD (finite difference) and FE (finite element) scheme. Figure
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1-5 shows that the consistent mass scheme (lump = 0) gives results very similar to that of

the FD scheme of Gottardi and Venutelli model, while the L2 lumping scheme of our

model gives results showing faster moving infiltration fronts. Comparison of the mass

balance error of our model with those of Gottardi and Venutelli model indicates that the

mass balance errors of our model are much smaller than those of Gottardi and Venutell

model. This difference may result from two factors: (1) Gottardi and Venutelli (1993)

calculated specific moisture capacity by derivative rather than the chord-slope method;

(2) Gottardi and Venutelli (1993) calculated the mass balance using an expression which

may not be very suitable for specified flux boundary conditions.

Figure 1-6. Mass balance error vs time for different method for a homogeneous soil with

constant flux at the top of the column and constant head at the bottom of the column.

1.6.5 Example Problem 5

This example is also from Gottardi and Venutelli (1993). It includes two problems

of infiltration into an unsaturated layered soil column, 75 cm in depth. The first example

used a specified pressure head boundary condition, and the second used a specified flux

boundary condition. For each of the problems, five 15 cm layers were utilized. Starting
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from the top of the soil column the different types of soil used for each layer were: sand,

Glendale clayloam, Berino loamy fine sand, Yolo light clay and Sand, as given in Table

1-3. For both problems, the initial head was set at -600 cm uniformly except for the

uppermost node, which had a head of-20 cm. The head at the bottom boundary was -600

cm and kept unchanged during the whole simulation period. For the first problem, the

specified head for the upper boundary was -20 cm during the whole simulation period.

The specified flux of the upper boundary for the second problem was 0.0001 cm/sec.

Figure 1-7. Moisture profiles at 8, 12 and 16 hours from numerical solution by Gottardi

and Venutelli (1993) and this model with lump=2 for layered soils with specified head of
-20 cm at the top boundary.

This example demonstrates the ability of the model developed in this research to

simulate water flow in unsaturated layered soils. Figures 1-7 and 1-8 show that the results

of our model are very similar to that of Gottardi and Venutell model. Again, the model

generates much less mass balance error than Gottardi and Venutell model (Figures 1-9

and 1-10).
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Figure 1-8. Moisture profiles at 16, 24 and 36 hours from numerical solution by Gottardi

and Venutelli (1993) and this model with lump=2 for layered soils with specified flux of
0.0001 cm/sec at the top boundary.

Figure 1-9. Mass balance error with time from numerical solution by Gottardi and
Venutelli (1993) and this model with lump=2 for layered soils with specified head of-20
cm at the top boundary.
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Figure 1-10. Mass balance error with time from numerical solution by Gottardi and
Venutelli (1993) and this model with lump=2 for layered soils with specified flux of
0.0001 cm/sec at the top boundary.

1.7 Discussions and Conclusions

In this chapter, the accuracy of the model developed in this study was verified by

comparing its simulation results with simulation results from other numerical models

(Examples 1, 4 and 5), experimental data (Example 2) and analytical solutions (Example

3) from the literature. The model can simulate water flow in both single- and multi-soil

layers with good mass balance (Examples 4 and 5).

The model developed in this study provides many choices to select from

according to the practical problems which must be solved. As far as the forms of

governing equation, three types can be selected, namely, moisture (0) based, head (y)

based, or the mixed-form. For the head-based or the mixed-form of the governing

equation, one can choose either the lumped or the consistent method. One can also select

the weighting factor to choose fully-implicit, semi-implicit or explicit techniques.

The head-based form of the governing equation is preferred because it is

continuous in multi-layered soil, and can be used in modeling both saturated and vadose
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zone flow. However, mass balance has been reported as a problem for the head-based

form (Celia et al., 1990; Milly, 1985; Yeh, 1981; Berg, 1999; Abriola and Rathfelder,

1994) in very dry soil conditions. In this study, numerical experiments showed that the

fully implicit scheme with “L2” lumping (second lumped method), which is similar to the

fees method of Abriola and Rathfelder(1994), generates good mass balance when the

capacity matrix is calculated using the chord-slope approximation. The numerical

experiments also showed that lumped method can increase the speed of convergence and

stability.



CHAPTER 2

WATER-PLANT-ATMOSPHERE MODEL

2.1 Introduction

On a global basis, approximately 70% of the precipitation striking the earth’s

surface eventually returns to the atmosphere by evaporation from soils, water bodies and

wetted canopies, and transpiration from plants (Burman and Pochop, 1994; Molz, 1981).

In arid regions, the percentage is higher and may reach up to 90%. Therefore, there is a

need for hydrologists to further develop their quantitative understanding of water

movement in plant and soil-plant systems (Molz, 1981).

2.1.1 Evaporation

Evaporation from the soil surface is controlled by meteorological and soil

conditions (Lappala et al., 1987; Yakirevich et al., 1997) and is known to occur in many

stages (Jensen et ah, 1990; Bond and Willis, 1970). Jensen et ah (1990) identified two

stages. The first stage is characterized by a wet soil surface and known as the constant

rate stage during which evaporation occurs at the rate of the climatic potential. The

second stage is known as thefalling rate stage during which evaporation is largely

controlled by the ability of the soil profile to transport water towards the evaporation

zone. Bond and Willis (1970) identified a third stage, which is characterized by slow

rates from a dry soil profile. During the third stage, the soil suction reaches a nearly

constant level.

The constant rate stage occurs when the soil surface is wet following an irrigation

or significant rain. During the first stage, surface resistance can be neglected and the

36
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evaporation rate remains constant because the soil profile can supply the water fast

enough to continuously replenish the water which is evaporated to the atmosphere. The

falling rate stage is characterized by a dry layer at the ground surface. The evaporation

rate decreases because upward water movement is mainly by vapor diffusion. When the

moisture at the soil surface approaches equilibrium with the overlying atmosphere, the

water potential gradient towards the soil surface is not great enough to compensate for the

decrease in soil conductivity upon drying. The third stage may also be considered to be

the continuous progression of the second stage.

2.1.2 Transpiration

Transpiration is the process of vaporization of liquid water contained in plant

tissues and the vapor transport to the atmosphere. The vaporization occurs within the

leaves, namely in the intercellular spaces, and the vapor exchange with the atmosphere is

controlled by the stomata aperture. Nearly all water taken up from the soil profile is lost

by transpiration and only a small fraction is used within the plants (Allen et al., 1998).

Transpiration, like direct evaporation, depends on meteorological conditions such

as energy supply, vapor pressure deficit and wind speed. Hence, radiation, air

temperature, air humidity and wind terms should be considered when assessing

transpiration. The soil water content, the ability of the soil to conduct water to the roots

and the ability of water transport within plants also determine the transpiration rate (Allen

et al., 1998).

Evaporation and transpiration occur simultaneously and there is no easy way to

distinguish the two processes. Apart from the water availability in the root zone, the

evaporation from a vegetated soil is mainly controlled by the fraction of the solar

radiation reaching the soil surface. This fraction decreases over the growing season as the
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vegetation develops and the vegetative canopy shades more and more of the ground area.

When the vegetation is small, water is predominately lost by soil evaporation, but once

the vegetation is well developed and completely covers the soil, transpiration becomes

the main process (Allen et al., 1998). For a wet soil surface, soil evaporation is less than

5% of total evapotranspiration when LAI is greater than 4 and may be higher than 50%

when LAI is less than 2 (Radersma and de Ridder, 1996).

2.1.3 Factors that influence Evapotranspiration

Many factors influence the evapotranspiration rate. Factors from meteorological

conditions include solar radiation, vapor pressure deficit and wind speed. Factors from

soil include water availability and soil physical characteristics. Landuse plays a great role

in changing local and global environments in general and water balance in particular

(McNaughton and Jarvis, 1983). Evapotranpiration may be higher from land occupied

with perennial crops than with annual crops. This may be due to four factors: (1) the

lower aerodynamic resistance of perennial crops compared with annual species; (2) the

much higher interception of precipitation from land occupied with perennial crops.

Intercepted water evaporates at a potential rate since no resistance exists (McNaughton

and Jarvis, 1983); (3) the transpiration characteristics among plant species, e.g.

differences in stomatal behavior in relation to light intensity, CO2 concentration,

temperature, vapor pressure deficit of the air, and leaf water potential (Radersma and

Ridder, 1 996); (4) differences in the reflectance of solar radiation and thus net radiation

may vary among different canopies. More radiation is absorbed by forests than by

crops/herbaceous vegetation.

Certainly the influence of reflection varies among plants. Radersma and Ridder

(1996) found that the influence of reflection coefficients is small compared with
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difference in surface resistances of crops when the aerodynamic resistance is below 20

s/m. For annual crops with higher values of aerodynamic resistance, differences in

reflection coefficient are more important.

Soil moisture content influences not only hydraulic conductivity and thus the

water vapor flow rate from soil surface to atmosphere and water transport from soil to

plant, but also the reflectance of the soil surface. Researchers (Idso et ah, 1975; Graser

and Van Bavel, 1982) have found a strong relationship between reflectance and soil water

content. After studying and comparing the albedo-water moisture relationship and

albedo-water potential relationship, Graser and van Bavel (1982) stated that albedo may

be more generally related to water potential than to water content.

2.1.4 Models of Water Uptake by Plants

Water uptake by plant roots greatly influences transport of water and chemicals in

soil-plant system, and has a substantial effect on crop yields, as well as the quality and

quantity of water recharged to groundwater systems under croplands (Schmidhalter et al.

1994). Most models simulating soil water movement with plant water uptake have

adopted a macroscopic approach in which water extraction by plant roots is treated as a

sink term distributed in the root zone (Childs, 1977; Feddes et ah, 1978; Wu et ah 1999).

Childs et ah (1977) developed a mathematical model to simulate the environmental and

physical processes involved in the growth of com. Potential evaporation was estimated

from potential evapotranspiration using a Beer’s law analogy to calculate the amount of

energy available for evaporation at the soil surface. Actual evaporation was calculated

using the potential surface flux rate and Darcy’s Law (Nimah and Hanks, 1973). Actual

transpiration (Ta) was calculated from potential transpiration (Tp), which is the difference

between potential evapotranspiration and potential evaporation, using an electrical
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resistance analogue. This approach to calculate Ta is the basis of the approach used in

many widely used models such as the VS2DT model (Lappala et al., 1987).

The Feddes model (Feddes et al., 1978) takes into account the effect of soil water

stress on root water extraction by introducing a reduction coefficient dependent on soil

water potential. However, no consideration was given to the variation of the maximum

root water extraction rate with the depth in the root zone by such factors as the growth of

roots and shoots of annual plants and water stress on the growth of plants (Wu et al.,

1999).

Prasad (1988) modified Feddes’ model to allow variation of the maximum root

water extraction rate with depth using a linear function to represent the root density

distribution. However, discrepancies still existed between observed and simulated water

depletions using the linear model of maximal root water extraction distribution (Prasad,

1988). A linear distribution function may not be adequate in the description of root

activity distribution of various plant species. A nonlinear distribution function based on

root density distributions seems likely to bring better agreement between observed and

simulated results (Wu et al., 1999).

Clemente et al. (1994) compared three models (SWATRE, LEACHW, and

SWASIM) which handle the root extraction terms in different ways. SWATRE (soil

water and actual transpiration rate, extended, Belmans et al., 1983) is a water balance

model, which simulates transient vertical flow in a heterogeneous soil profile. In this

model, the actual water uptake by plants is determined by the maximum possible water

extraction by plant roots and a restriction factor, which is a function of pressure head

(Feddes et al., 1978). LEACHW (Wagenet and Huston, 1989) water flow model is one of
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four separate submodels of the LEACHM (Leaching Estimation and Chemistry Model)

package. In this model, the plant root extraction term S(h,z) is described by the

expression proposed by Wagenet and Huston (1989). The SWASIM (Soil WAter

Simulation Model, Hayhoe and De Jong, 1982) is based on the one-dimensional transient

water-content based form of Richards’ equation. The sink term for water uptake takes

into account the rooting density distribution. The results of Clemente et al. (1994)

showed that all models produced acceptable predictions and none of the models was

consistently more accurate than the others.

2.2 Potential Evaporation and Transpiration

Potential evapotranspiration is the rate at which water is removed from the soil

surface or soil profile without restriction of available soil water. In numerical simulations,

evaporation and transpiration are handled differently. Evaporation from soil is basically

controlled by atmospheric and soil conditions and is simulated as a boundary condition.

Transpiration by plants is controlled by atmospheric conditions and the water potential

difference between the soil profile and plant roots and is simulated as an interior water

sink.

For soils covered with canopies, the potential evapotranspiration can be calculated

by Penman-Monteith equation (Monteith, 1981). Then, total evapotranspiration is

distributed between evaporation from soil and transpiration from plants. For bare soil.

The potential evaporation can be calculated by the Penman equation, which is equivalent

to Penman-Monteith with surface resistance set equal to zero.

2.2.1 Potential Evapotranspiration

In this study, potential evapotranspiration is calculated using the well known

Penman-Monteith equation (Monteith, 1981)



42

ET
p

A(R
n
-G) + pa

c
p
(e

s
-e

a
)/r

a

(2
- 1 )

K

p

w A + r i +—
r„

where ET
P

is the evapotranspiration rate (m day"
1

); Rn is the net radiation (MJ m'
2
day" );

G is the soil heat flux (MJ m"
2

day"
1

); X is latent heat of vaporization (MJ Kg"
1

); pa is the

air density (Kg m"
3

); c
p

is the heat capacity of moist air ( MJ Kg"
1 C 0 '

1

); es is the saturated

vapor pressure (kPa); ea is the actual vapor pressure (kPa); ra is the aerodynamic

pressure curve (mb K"’);and y is the psychrometric constant (kPa C0 " 1

).

The calculations ofRn , G, ra ,
rs ,

es ,
and A in Equation 2-1 were discussed by Allen
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2.2.2 Potential Evaporation from Crop-Covered Soil and Transpiration from Crop

In this study, potential evaporation rate from a crop-covered soil is considered to

be a function of LAI

In the Equation 2-2, a is a plant dependent parameter, generally takes a value of 0.4.

Drooger (1999) used a lumped value of 0.45 for mixed crops of grape, cotton and olive

trees; Childs et al. (1977) used a value of 0.438 for com; Feddes et al. (1976) used a

value of 0.39 for red cabbage.

The difference between the potential ET and maximum evaporation is the

maximum possible transpiration rate from crop.
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2.2.3 Potential Evaporation from Bare Saturated Soil

The evaporation from wet bare soil can be calculated by mixed combination of

evaporation from the rate of net radiation and the evaporation rate computed from

aerodynamic methods (Chow et al., 1988).

E = -E.+-
r

A + y A + y
(2-4)

where A, y have the same meaning as above; Er is the evaporation rate computed from the

rate of net radiation (mm/day) and Ea is the evaporation rate computed from aerodynamic

methods (mm/day).

Er is calculated by the following formula,

E. =
HRn

- G)

*PW

(2-5)

Ea is calculated by the following formula,
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where z2 is the height at which wind speed and air temperature are measured (m); zo is

the roughness height of surface (m); p is the air pressure (KPa); k is the von Karman

constant, usually taken as 0.4 and u2 is the wind speed (m/day).

2.3 Actual Evaporation and Transpiration

2.3.1 Actual Evaporation

The approach selected to calculate actual evaporation from soils for this study was

proposed by Lappala et al. (1987) in the VS2DT model.
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where Ea is the actual soil evaporation (L T"
1

); Ep
is the potential soil evaporation (L T'

1

);

Ks is the saturated hydraulic conductivity (L T'
1

); Kr is the relative hydraulic conductivity

(-); SRES is the surface resistance (T); HA is the pressure potential at soil-atmosphere

interface (L); htop is the pressure potential at the first node on the land surface (L).

Pressure potential HA is calculated by the Kelvin equation (Lappala et ah, 1987)

RT
HA =— ln(R

A ) (2-8)M wg

where R is the ideal gas constant (ML2T2
°K"

lMor 1

); T is the absolute temperature (°K);

Mw is the mass of water (M Mof 1

); Rh is the relative humidity (-).

Surface resistance SRES is calculated

SRES = \2S>IDZm \xK'IKIJV (2-9)

where K Sitop is the saturated hydraulic conductivity of first cell from the ground surface (L

T ’); DZtop is the thickness of first top cell (L); Kc is the saturated hydraulic conductivity

of crust material (L T'
1

).

2.3.2 Actual Transpiration

In the model developed for this study, transpiration from plants is calculated by

either of two approaches, the first one is taken from the VS2DT model (Lappala et al.

1987). The second approach is widely used by other existing models such as Feddes et ah

(1978), Perrochet (1987), Wu et ah (1999) and Lai and Katul (2000). The possible actual

transpiration obtained by either approach is compared with the potential transpiration,

and the smaller of the two is taken to be the actual transpiration.

The first approach computes transpiration based on the following plant-root

extraction equation
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where r(z,t) is the root activity function of depth and time (L L'
3

); and hroo t is the pressure

head in the root for the entire system (L), which is usually set equal to the permanent

wilting point for the plants. For most agricultural crops, the permanent wilting point is

equal to about -150 m of water. Root activity is defined as the length of roots in a given

volume of soil divided by that volume. Root activities range from 0 up to about 3.0 cm'
2

,

depending on the plant species and its development stage (Lappala et al., 1987). The user

gives the maximum root activity at land surface and the bottom of the root zone, then a

linear interpolation gives the root activity for each depth within the root zone.

In the second approach, transpiration is taken as a sink which consists of three

parts (Feddes et al., 1978; Perrochet, 1987; Wu et al., 1999; Lai and Katul, 2000): (1) the

potential transpiration rate Tp ; (2) a root distribution function g(z) specific to different

species of plants; and (3) the soil moisture dependent reduction factor

S(ig,z)=a(i//)g(z)T
p (2-11)

where a(y/) is the soil moisture reduction factor (-); z is the current root depth (L); g(z)

is the root density distribution function (L'
1

); and Tp is the potential transpiration rate (L

T'
1

).

In the Equation 2-11, a(i//) and g(z) must satisfy the following constraints (Lai

and Katul, 2000):

(i) the integration of the product of a{ij/) and g(z) along the root zone is no

greater than 1

a(y/)g(z)dz < 1
(2

- 12 )
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(ii) the integration of root distribution along the root zone is no greater than 1

.

£ g(z)dz < 1 (2-13)

(iii) soil moisture reduction factor at any point is no greater than 1

.

a{y) < 1 (2-14)

The actual transpiration rate is evaluated from the water extraction rate by:

r„(0=f S(z,t)dz (2-15)

where Lr is the total root depth (L)

Determining root distribution is important in modeling the uptake of water by

plant roots. The greatest concentration of roots generally occurs in the surface soil (Kalisz

et al., 1987), where organic carbon content and cation exchange capacity are higher and

soil bulk density is lower (Sainju and Good, 1993). Also, the shape of the root system is a

function of plant species, meteorological and geographic conditions.To obtain the

cumulative distribution of roots usually a nonlinear relationship between the root fraction

and the soil depth is used.

When soil moisture is greater than or equal to that at field capacity, the plants are

considered to transpire at potential rate. When soil moisture falls below a critical value,

which usually is taken as the moisture content at field capacity, the water extraction by

roots will be reduced. When the soil moisture content falls below wilting point, water

can’t be extracted from soils by plant roots any longer and transpiration goes to zero. The

soil moisture reduction factor is used to mimic this process.

Alternative formulations for root density function and the soil moisture reduction

function are given in appendix B.



CHAPTER 3

OVERLAND FLOW MODEL

3.1 Introduction

Overland flow is a dynamic part of watershed response to rainfall when the soil’s

infiltration capacity has been exceeded (Tisdale et al., 1998) or the water table is at or

near the land surface. It is important to many engineering applications including the study

of soil erosion and conservation, infiltration processes, flood prediction, surface irrigation

and contaminant transport (Singh and Bhallamudi, 1998; Gandolfi and Savi, 2000).

3.1.1 Three Models for Simulating Overland Flow

The movement of surface water can be described by continuity and momentum

equations applied to an incompressible fluid in form of the Saint Venant equations. In

general, three models are used to simulate overland flow, 1) the kinematic wave model,

2) diffusion model, and 3) fully dynamic model.

Both kinematic wave and diffusion models have many applications in the real

world. The kinematic wave approximation is applicable for steep and smooth surfaces

(Lighthill and Whitham, 1955; Henderson and Wooding, 1964; Brakensiek, 1967;

Woolhiser, 1969; Eagleson, 1970; Li et ah, 1975; Borah et ah 1980; Govindaraju et ah,

1992), while the diffusion wave approximation is also applicable for rough surfaces

(Xanthopoulos and Koutitas, 1976; Ponce et ah, 1978; Akan and Yen, 1981; Hromadka

and Lai, 1985). However the kinematic wave approximation has limits. Since the

kinematic wave model lacks the pressure term, it is not suited for overland flow over mild

slopes, where diffusion plays a major role. Govindaraju et ah (1992) gave two main

47
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criticisms of the kinematic wave approximation. The first is its inability to incorporate

backwater effects. The second is its lack of any physical attenuation of the wave profile

since all the energy dissipation terms of the momentum equation are neglected.

Like the kinematic wave approximation, in the diffusion wave approximation the

inertia terms are also neglected. However, the pressure term is kept, which makes the

diffusion wave approximation applicable in a wider range of situations. Ahn et al. (1993)

argued that such simplification introduces errors between 5% and 10%, which are

negligible in real world applications considering the uncertainty that affects geometrical

and hydrological measurements. According to Lai (1998a), most dynamic models

introduce numerical errors and instabilities when the cell size is small and the

topographic data show relatively large variations over these short cell lengths (Tan,

1992).

Areas such as south Florida are characterized by large areal extent, small slopes,

widespread ponding, and slow regional flow dynamics. Kinematic wave models are

inadequate for these cases because backwater effects are neglected. Compared with

dynamic models, diffusion flow models offer computational advantages for areas such as

south Florida. Diffusion flow models have been successfully used to simulate hydrologic

processes in the Everglades, using the natural system model (NSM) and the south Florida

water management model (SFWMM) developed by the South Florida Water

Management District (Lai, 1998a).

3.1.2 Numerical Methods in Solving Overland Flow Problems

The commonly used methods for solving overland flow problems include

methods of characteristics (MOC), the finite difference method (FDM) and the finite

element method (FEM).
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The MOC has found many applications in shallow water flow problems (Liggett

and Woolhiser, 1976; Borah et al. 1980; Hunt, 1987). The reasons lie both in its

simplicity and that it has several advantages over other methods. First, the method of

characteristics is well suited for sharp front problems arising from the kinematic wave

equations. Second, the characteristic method may be the most accurate method for

approximating boundary conditions (Liggett and Woolhiser, 1976). However, the MOC

is too complicated to be used in a two-dimensional model, especially with spatially

varying hillslope features (Zhang and Cundy, 1989). The common occurrence of irregular

domains with spatially varying properties has led to the routine application of Eulerian

methods for solution of kinematic wave problems (Munoz-Carpena et al., 1993).

Finite difference methods are among the most widely used methods for solving

shallow water flow (Smith and Woolhiser, 1971; Freeze, 1972; Katopodes and Strelkoff,

1978; Holden et al., 1995). Chow and Ben-Zvi (1973) modeled overland flow by using a

two-dimensional hydrodynamic equation solved by the Lax-Wendroff Scheme. Using the

same scheme, Iwasa and Inoue (1982) modeled flood flows due to dam/dike breaks using

the two-dimensional Saint Venant equation. Melone et al. (1988) used this scheme to

simulate the dynamics of overland flow using the non-linear kinematic wave

approximation. Zhang and Cundy (1989) used a MacCormack finite-difference scheme to

solve a two-dimensional overland flow model. Using a higher order MacCormack

scheme, Garcia and Kahawita (1986) solved the St. Venant equations.

The NSM and the SFWMM models developed by the SFWMD use a modified

version of the alternating direction explicit (ADE) method to solve 2-D diffusion flow.

Lai (1998a) examined three finite-difference algorithms based on the explicit method, the
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alternating direct implicit (ADI) method and the successive over relaxation (SOR)

method. He concluded that the ADE method has a relatively short run time and may be

appropriate when high accuracy is not a priority. Explicit methods require a longer run

time, but they are more accurate. SOR methods can be efficient under certain conditions

due to the use of the adaptive relaxation parameter.

While finite difference methods are easy to implement, they lack the flexibility to

handle problems with irregular domains. On the other hand, irregular domain problems

can be easily handled by finite element methods. It is also simple to incorporate natural

boundary conditions using the finite element method. This is the reason that finite

element methods are adopted in many overland or shallow water flow models (Taylor et

al., 1974; Ross et ah, 1979; Kawahara and Yokoyama, 1980; Borah et ah, 1988; Vieux et

al 1990; Goodrich et ah, 1991; Motha and Wigham, 1995; Gottard and Venutelli, 1997).

The Galerkin finite element method is only globally conservative, so the

controlled volume finite element (CVFE) method or finite volume method, which are

locally conservative, are sometimes used in overland flow or shallow water flow

modeling (Zhao et ah, 1994; Giammarco et ah, 1996; Gottardi and Venutelli, 1997). Lai

(1998b) developed a weighted implicit finite-volume model to simulate two-dimensional

diffusion flow in arbitrarily shaped areas. A mixture of unstructured triangles and

quadrilaterals was adopted to discretize the domain. Giammarco et ah (1996) proposed a

control volume finite element (CVFE) method to model a two-dimensional overland flow

problem. Gottardi and Venutelli (1997) presented a finite element program for the two-

dimensional diffusion model. Control-volume finite element and Galerkin finite element

(GFE) formulation were compared on the basis of the global mass-balance.
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To overcome numerical oscillations in these types of problems, Rice and

Schnipke (1985) developed a streamline upwind finite element method for convection-

dominated flows. Tisdale et al. (1998) used a streamline upwind finite element method to

solve the two-dimensional kinematic wave and shallow water wave equation for overland

flow problems. Advances in Petrov-Galerkin finite element methods have resulted in

reduction in such errors compared to conventional Eulerian formulation for advection-

dominated transport problems. Munoz-Carpena et al. (1993) developed a Petrov-Galerkin

(PG) finite element method to solve the kinematic wave formulation of the overland flow

equations.

3.2 Governing Equations

3.2.1 Saint Venant Equations

The equations describing overland flow are the well-known Saint Venant

equations (Abbott, 1979), which include the continuity Equation 3-1 and momentum

Equations 3-2 and 3-3.
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where v|/(x,y,t) is the water surface elevation above a horizontal datum= h(x,y,t)+z(x,y),

(L); h(x,y,t) is the local water depth above the surface elevation (L); z(x,y) is the surface

elevation, (L); t is the time (T); x,y are the horizontal Cartesian coordinates (L); u (x,y,t),

v(x,y,t) are the flow velocities in x and y directions (L/T); Q (x,y,t) is the distributed

input, which is the net amount considering sources (+) such as rainfall, irrigation and

sinks (-) such as evapotranspiration and infiltration (L/T); Sox , Soy are the bed slope in

the x and y directions (-); Sfx(x,y,t) , Sfy(x,y,t) are the friction slope in x and y directions

(-); g is the gravitational acceleration ( L/T
2
).

The full momentum equations, which include inertial terms (local acceleration

terms and convective acceleration terms), pressure force terms, gravity force terms and

friction force terms, are seldom used in solving overland problems. Simplification of the

Saint Venant equations is appropriate for many problems (Munoz-Carpena et al., 1993).

Two such simplifications are the kinematic wave and diffusion wave approximations.

3.2.2 Kinematic Wave Equation

For a kinematic wave, the inertial and the pressure terms in the momentum

equation are neglected and the wave motion is described principally by the equation of

continuity (Chow et ah, 1988).

dh d(uh ) d(vh )

dt dx dy
(3-4)

s*x = s
fx (3-5)

So, = Sfy (3-6)

Applying the Manning-Stricker law to the description of the friction slopes

(Giammarco et ah, 1996), we have,
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where w = Uji + vjj is the velocity vector; and nx ,
ny are the Manning roughness

coefficients in the directions x and y, respectively.

Therefore,

Iwf =w 2 +v2 = /z
4/3

( n2 r.2 \
1/2

ZJL + ZA.
4 ' 4

V "x ,

(3-9)

Using Equations 3-5, 3-6 and 3-9 to solve for the components of the velocity

vector gives:

1.2/3

u = S,Ox 2
n.

V 2 9
2

°0x .

4 ' 4

-1/4

(3-10)

2/3

v = S
t”

»;

C 2
-1-1/4

(3-11)

Substituting Equations 3-10 and 3-1 1 into 3-4, gives the partial differential

equation:

dh d(K
x
h

5 ' 3

)
d(Ky 3

)

dt
+

dx
+ -

dy
Q (3-12)

where

K=^-
: 2 9 2

-1-1/4

n „ n.
(3-13)

K $°y Ox
,

' +
« v n.

-1/4

(3-14)
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3.2.3 Diffusion Wave Equation

For a diffusion wave model the inertia term in the momentum equations are

neglected but the pressure terms remain, so the wave motion is described principally by

the following continuity and momentum equations (Chow et ah, 1988).

dh d(uh) d(vh )
- + -

- + -

dt dx dry

d\y

= 0

Sfx
- Sox

-

S
fy

- Soy

dx

5\|/

dy

(3-15)

(3-16)

(3-17)

Following the same procedures as above, we can get the expressions for the

components of the velocity vector

ST h
2/3

U = —
dx n t

2

1 (— +
l dx ) nx l dx J

1

-1/4

sy h
2/3

V = —

-

dy n\

2

1

+

l dx J nx

-
1

-1/4

1

(3-18)

(3-19)

Noticing that = and substituting Equations 3-18 and 3-19 into Equation

3-4 leads to the following partial differential equations

dy d ( d f .. dy/'] _— + K
x
— + K

v
— =Q (3-20)

dt <9xV dx ) dyy y
dy J

where Kx and Ky are overland flow transmissivity in the x and y direction (L
2
/T), which

are represented as

h
5/3

*,=—
n

.

fdy ^ 2

V dx j

1
rdyV

j

n-i/4

1

(3-21)
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\Sxj

fdyA

\ J

-
1
-1/4

(3-22)

3.3 Numerical Model Development

In this work the diffusion wave approximation was chosen to represent the

overland flow process and traditional Galerkin finite element methods were used to solve

these equations.

For simplicity, Equation 3-20 for the diffusion wave equation can be rewritten as:

dy/dy/ d

dt dx
t

-KM
OX;

<2 = o (3-23)

where v|/(x,t) is the water surface elevation above an horizontal datum (L); i is the index

for xi and X2 coordinates (i,=l,2); Kj(v|/) is the a generalized form ofKx (\|/) and Ky(\p); Soi

is the bed slope in the x and y directions (—).

The Neumann and Dirichlet boundary conditions can be written as

Mf(x>t) = g D
0t,t)

xeTD
xe Fy

(3-24)

In Equation 3-23, the vp and Ky can be represented by trial functions of the form

K
ij
(*t) = NJWijJ (t),

Using trial functions for test functions and applying Green’s theorem to Equation

3-23 results in,

\a
N,Nj^dn+l

dt dx. dx.
cKl-\Ea Nl

K
i
^J-n

l
dT

dx,

-
£ N,QdQ. = 0

(3-25)
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where Q is the solution domain with boundary r = r„ U rv
and rD n rN = 0 . i, j=l,2 and

I,J=l,2,3-

Writing Equation 3-24 in matrix form,

at

where matrices A, B and F can be calculate as

= Z \n
-N,Njda,

e

Bu ~ dQ
>

(3-26)

dx
t

dx,.

8X;

(3-27)

F
i = if \x>N,K, ^-n,dT + \a

,N,Qda

In this model we used triangular elements with linear interpolation functions for

the whole domain Q. Consider the typical triangular element with nodes numbered in the

counterclockwise direction, as shown in Fig. 3-1. The trial function can be expressed as:

Ni +/3,x + yry) 1=1,2,3
2A

where A is the area of triangular element; x, y are the coordinates.

A and a, P, y are expressed as

a
i

= x
2y 3

- x
3y 2 > Pi = y 2 - y 3 > Yi

= x
3
- x

2 >

a
2 = x

3Yi - xiY 3 » P 2 = y 3 - Yi , y 2 = x
i

- x
3 ,

«
3

= xiY 2
- x

2Yi > P 3 = Y\ - y 2 > y 3 = x
2 - Xj,

The area of triangular element is

1 x, y,

1 x 2 y 2

1 x
3 y 3
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Ps (x3,y3)

P2 (x2,y2)

Pi (xi,yi)
edge 1

Figure 3-1 . Area coordinates and node designation for triangles.

Substituting trial functions into Equation 3-27, after some manipulations

(Appendix C) we get expressions for Matrices A, B and F.

F,
e
consists of two parts. In the first part, an is the entire boundary of the flow

region. However, nodes that are on boundary portion TD are to be replaced by the

appropriate Dirichlet (specified head) boundary conditions introduced by modifying the

global matrix. In the second part only nodes that are on boundary rw are considered. We

note that

(3-28)

K =— (** P,fij +kyY,rJ ) I,J=1,2,3 (3-29)

where kx = (kx4 + k
x>2 + k

x>3 ) / 3 and k
y = (k

y>1
+ k

y , 2
+ k

y>3 ) / 3

Then the first part of Ff is -\m N,qdY
,
its integration is
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\2q,+q1
)LI6'

K=~ (^i+2g2
)I/6 (3-30)

where qi and q2 are flux at nodes 1 and 2 of an edge prescribed as flux boundary.

The third part of Ff is relatively easy to integrate.

A set of differential equations cannot be solved unless appropriate boundary

conditions are specified. In certain cases, boundary conditions can lead to instability, i.e.

uncontrolled, non-physical evolution of the solution. The initial condition for overland

flows is usually one of a dry land surface. However this initial condition leads to

singularities for the full St. Venant equations and therefore researchers frequently assume

a very thin flow depth at the start of simulation (Govindaraju et al., 1992; Tisdale et al.,

1998).

Before prescribing boundary conditions, it is often useful to know the Froude

number of the overland flow. The Froude number is defined as the ratio of inertial force

to gravitational force. In mathematical form,

(3-31)

3.4. Initial and Boundary Conditions

Fr =
u

If the magnitude of the flow velocity is such that |w| < Jgh or -1 < Fr < 1 ,
the

waves can propagate in all directions, and the flow is called subcritical (tranquil flow,

streaming flow, low flow regime). In the opposite case, the wave can propagate only in
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some certain directions, and the flow is called supercritical (jet flow, rapid flow, shooting

flow, upper flow regime).

Zhang and Cundy (1989) considered two kinds of boundary conditions in their

problems, closed boundary and open boundary. At a closed boundary both the normal

and tangential velocities vanish because of the no-penetration and no-slip condition. The
*

water depth at this boundary fluctuates depending on the flow inside the boundary. For an

open boundary, if flow immediately upslope from the boundary is subcritical, critical

flow may be defined at the boundary h c = ((q* + q
2

y ) / g)'
n

,
where hc is the critical

depth of the flow. Akan and Yen (1981) suggested that the outflow boundary conditions

may be prescribed as a discharge or stage hydrograph or a discharge-stage relationship.

Govindaraju et al. (1992) adopted a critical flow downstream condition that simulates a

free fall situation, i.e. for the full St. Venant equations, at the downstream boundary

u = ^gh . For the diffusion wave approximation, this critical flow downstream

boundary can be further simplified using velocity expressions in water depth such as

Equations 3-18 and 3-19.

3.5 Verification of the Overland Flow Model

3.5.1 Example Problem 1

In this example, flow over a plane surface was simulated. The results were

compared against experimental data obtained by Izzard and Augustine (1943) and

simulated results by Tisdale et al. (1998) using a streamline upwind finite element

method (Figures 3-2 and 3-3). The plane was 72 ft long and 6 ft wide. It was coated with

a mixture of emulsified asphalt and sand and had an approximate texture of sheet-asphalt

pavement. In the first simulation, a rainfall intensity of 3.87 in/hr was applied for a period
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of 650 s. The second simulation used an initial rainfall intensity of 3.69 in/hr for a period

of 600 s, immediately followed by an intensity of 1 .93 in/hr for 350 s.

The finite element mesh used to represent the plane consisted of 50 nodes and 80

elements. A surface slope of 0.001 and a Manning’s coefficient of 0.01 were used for the

two test simulations.

For both tests, the simulated results by this study are very close to the simulated

results obtained by Tisdale et al. (1998) using the upstream upwind finite element

method. The numerical results also generally agree well with the experimental data. For

the numerical models, runoff starts from the time when rainfall begins because surface

detention is not considered. Also the numerical model does not consider the raindrop

impact on discharge and thus failed to reproduce the sudden increases in discharge

resulting from the release or reduction of overpressure head due to raindrop impact when

rainfall stopped or the rainfall intensity changed.

Figure 3-2. Discharge hydrographs for flow off single plane with rainfall rate of 9.83

cm/h and rainfall duration of 650 s.
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Figure 3-3. Discharge hydrographs for flow off single plane with rainfall rates of 9.37

and 4.90 cm/h and rainfall durations of 600 and 350 s.

3.5.2 Example Problem 2

In this example, the model was run against the experimental data obtained by

Iwagaki (1955). The experiment was conducted in a laboratory flume, which was made

of very smooth aluminum. The flume was divided into three sections of equal length.

Each section of flume was 8 m long and surface slopes were 0.02, 0.015 and 0.01 from

upslope to downslope. During the experiments, three different rainfall intensities of 389,

230 and 288 cm/hour were simultaneously applied to the upper, middle, and lower

sections respectively. Rainfall lasted for 10, 20 and 30 seconds respectively for three

different experiments.

Borah et al. (1980) simulated this problem using a kinematic wave shock-fitting

model. Zhang and Cundy (1989) simulated this problem using a hydrodynamic model

with a MacCormack finite difference scheme. Tisdale et al. (1998) simulated this
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problem using a kinematic wave model with a streamline upwind finite element method.

Their results or experimental data are referenced for comparison.

The finite element mesh used in this study to represent the runoff surface

consisted of 221 nodes and 384 elements. The calibrated Manning’s coefficient for the

test simulation was 0.009, which is between the value of 0.0107 used by Tisdale et al.

(1998) and the value of 0.006 calibrated by Zhang and Cundy (1989).

Hydrographs for each experiment from different approaches are shown in Figures

3-4 through 3-6. Like other models, the simulated results from our model show good

agreement with experimental data, especially for the hydrographs resulting from 20 s and

30 s rainfall (Figures 3-5 and 3-6).

Figure 3-4. Comparison of hydrographs on a three-plane cascade by different methods (tr

= 10 sec).
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Figure 3-5. Comparison of hydrographs on a three-plane cascade by different methods
(tr=20 sec).
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Figure 3-6. Comparison of hydrographs on a three-plane cascade by different methods
(tr=30 sec).



64

3.6 Conclusions

In this chapter, two examples were presented to verify the overland flow model.

In the first example, the model was tested against experimental data obtained by Izzard

and Augustine (1943) and simulated results by Tisdale et al. (1998) using a streamline

upwind finite element method. The simulated results agree reasonably well with

experimental data. Simulated runoff started at the time when rainfall started, while

experiment indicated that runoff did not started until 50 seconds after rainfall started.

Several reasons may cause the discrepancy. The simulated model considered neither

surface retention (water retained on the ground surface in micro-depressions) nor surface

detention (water temporarily detained on the surface before runoff occurs). Both factors

delay the time when runoff begins. The model did not consider rainfall resistance effects

on surface runoff so it failed to reproduce the abrupt increase in runoff rate when rainfall

ceased or rainfall intensity changed.

In the second example, the model was tested against the experimental data.

Instead of single plane, in this experiment, the flume consisted of three planes with

different slopes. Like other numerical models, the model developed in this study gave

results similar to experimental data especially for rainfall events with longer duration.

Based on the performance of the model in the previous two examples, we are confident in

the reliability and accuracy of the overland flow model.



CHAPTER 4

INTEGRATING ATMOSPHERIC AND OVERLAND FLOW COMPONENTS WITH
VADOSE ZONE FLOW COMPONENT

4.1. Introduction

Numerical simulation of transient water flow in soil in the presence of plants has

been undertaken by various authors such as Molz and Remson (1970), Nimah and

Hanks(1973), Lappala et al. (1987) and Rowse et al. (1978). In most of those models,

water uptake by plant roots is represented by a volumetric sink term, which is

incorporated into the continuity equation for soil water flow. The sink term in these

models requires detailed information about the root system as functions of root density,

root distribution and root length. Experimental evaluation of such functions is both time-

consuming and costly. For this reason simpler and more practical sink terms have been

proposed. A detailed description of different functions was given in Chapter 2. For both

bare soil and soil in the presence of plants, the evaporation rate is incorporated as a top

boundary condition for the system equations for solving soil water flow problems.

Many hydraulic and hydrological problems involve the interaction of flow on the

soil surface and in the subsurface media. Numerical modeling of such problems involves

connecting the surface and subsurface components. There exist three different approaches

to couple these components. The simplest and least accurate approach is the externally

coupled approach. In this approach, the surface flow and subsurface flow are simulated

separately in succession without iteration. A simple infdtration rate expression is

typically used as the common boundary condition between two components.

65
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The second approach to join the surface and subsurface flow components together

is an alternating iterative approach. In this approach, the surface flow and subsurface

flow are solved separately but iteratively at the same time step joined by the common

internal boundary of infiltration between the two components. Solutions for surface and

subsurface flows at a time step are achieved when the iterative errors are within specified

acceptable tolerances before advancing to the next time step. The third approach of

conjunctive modeling is a coupled model in which the surface flow equation, subsurface

flow equation, and common internal boundary condition of an infiltration equation are all

solved as simultaneous equations at each time step before advancing to the next time

step. Numerically, the first approach is the simplest, whereas the third approach is the

most sophisticated and theoretically the most satisfactory approach. Until now, the third

approach has not been found in the literature.

Smith and Woolhiser (1971) were the first to publish results on the first approach

of coupled surface and subsurface flow simulation. They used the Lax-Wendroff second-

order explicit scheme to solve the one-dimensional kinematic wave overland flow and the

nonlinear Crank-Nicholson implicit scheme to solve the one-dimensional vertical

unsaturated flow. Motha and Whigham (1995) used this approach to integrate the one-

dimensional kinematic wave overland flow component and the two-dimensional transient

saturated-unsaturated flow component. Their studies were based on the Galerkin’s

formulation of finite element method. A simplified variation of this externally coupled

approach is to express infiltration as an algebraic equation. For example, Katopodes and

Strelkoff (1977) and Playan et al. (1994) used the Kostiakov infiltration equation.

Munoz-Carpena et al. (1993), Stone et al. (1992), Savabi (1993) and Tayfur et al. (1993)
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used the Green-Ampt infiltration formula. Cundy and Tento (1985) used the Philip

infiltration formula. Smith and Hebbert (1979), Woolhiser et al. (1990) and Woolhiser

et al. (1996) used the Smith-Parlange infiltration equation. Singh and Bhallamudi (1996)

allowed a choice of the Kostiakov equation or the quasi-analytical Parlange equation for

the infiltration calculation.

At the present, the second approach may be the most common way to couple

surface and subsurface flow components. Pinder and Sauer (1971) were the first to report

on such an approach. They used a staggered explicit scheme to solve the one-dimensional

channel flow conjunctively with an alternating direction implicit (ADI) method for the

two-dimensional saturated groundwater. Freeze (1972) formulated a conjunctive model

using the Lax-Wendroff explicit scheme to solve the one-dimensional channel flow

dynamic wave and a successive line over-relaxation technique to solve the three-

dimensional unsaturated subsurface flow. Akan and Yen (1981) developed a coupled

alternating iterative conjunctive model for one-dimensional subsurface flow. A four-point

implicit finite-difference scheme was employed for the solution of the surface runoff

equation and an implicit finite difference scheme based on the successive line over-

relaxation method (SLOR) was employed for the solution of subsurface flow equation.

Sakkas et al. (1994) proposed a model that coupled the one-dimensional shallow water

equations and the two-dimensional Richards’ equations. The explicit, two-step, predictor-

corrector MacCormack scheme was used to solve both the surface flow and subsurface

flow. Wallach et al. (1997) coupled the one-dimensional kinematic overland flow with

the two-dimensional subsurface flow to study the errors in surface runoff prediction by

neglecting the relationship between infiltration rate and overland flow depth. Govindaraju
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et al. (1988) used the diffusion wave approximation for the surface flow component. The

surface flow equation was solved by the centered implicit scheme, while the two-

dimensional Richards’ equation was solved by the SLOR technique. Singh and

Bhallamudi (1998) coupled a one-dimensional surface flow model with the two-

dimensional Richards’ equation. The surface flow was solved by an explicit finite

difference scheme. The two-dimensional Richards’ equation in the mixed form for the

subsurface flow was solved using a strongly implicit finite-difference scheme.

Morita and Yen (2000) coupled the two-dimensional surface flow and three-

dimensional subsurface flow components using the iterative approach. Numerical

schemes of the purely explicit method, alternating direction explicit (ADE) methods, and

alternating direction implicit (ADI) methods were investigated for application to the

surface and subsurface flow sub-models in terms of accuracy, stability, and calculation

time. Gandolfi and Savi (2000) developed a model based on the two-dimensional shallow

water equations and coupled with the one-dimensional Richards’ equation. The second

order explicit finite difference MacCormack scheme was used to solve the surface and

subsurface flow.

4.2. Integrating Model Components

In the model developed for this study, evaporation from the soil surface is taken

as the top boundary condition for subsurface flow components. Actual evaporation from

the ponded surface is considered to equal the potential evaporation rate. When the

moisture content in the soil surface decreases to the residual point, the boundary

condition changes from specified flux to specified head, which is the soil potential at the

residual. Transpiration from plants is represented by a volumetric sink term in the
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subsurface continuity flow equation. The potential and actual evaporation and

transpiration rates are estimated using the techniques covered in Chapter 2.

Surface and subsurface flow components are interrelated by a common pressure

head and the infiltration at the ground surface. The top boundary condition for the

subsurface flow is determined by the surface flow depth. The infiltration term in the

surface flow equation is controlled by the subsurface flow conditions. In the model

developed for this study, the following procedure is adopted for simulating the interaction

between the surface and the subsurface flow components for each time step.

When the soil potential becomes positive at the top nodes, a zero soil potential is

specified for the calculation of the infiltration rate, which is less than the rainfall rate. The

infiltration rate at the ground surfaces is determined by solving the Richards’ equation

using the specified head for the upper boundary, the infiltration rate calculated in solving

Richards’ equation is then used to solve the surface flow equation. The water depth

obtained from the solution of the surface equation is used as a specified head boundary

for the subsurface flow equation. The above procedures are repeated until the iterative

errors for both surface and subsurface flow are within specified acceptable tolerances.

4.3 Integrated Model Examples

Four case studies are presented to illustrate the capacity of the coupled model.

Case studies 1 to 3 give examples that integrate the atmospheric component with the

subsurface component, while case study 4 gives an example that integrates the surface

component with the subsurface component.

4.3.1 Case Study 1

The model was validated using the data from Paynes Prairie State Preserve from

an experiment conducted from April 10 to July 20, 2001 (Jacobs et al., 2002). Paynes
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Prairie State Preserve, a large highland marsh system in north-central Florida, USA, is

5600 ha in area and is 13 km long (east-west). The major portion of the area lies in the

prairie basin. Biological communities include freshwater marshes, wet prairie and

pasture. The entire basin is either seasonally or perennially flooded. The experiment was

conducted in the wet prairie community within this system (29°34'14"N, 82° 16 '46"W).

This prairie is a relatively flat, treeless plain with moderately dense ground cover. The

common species in this area were Panicum hemitomon Schultes (maidcane), Polygonum

hydropiperoides Michx. (mild water-pepper), and Ptilimnium capillaceum Michx. (mock

bishop’s weed) . Eupatorium capillifolium Lam. (dog fennel) was also prevalent and

Sesbania sp. (sesben) was scattered throughout; both species were measured to be about

1.5 m tall. Field observations showed that the majority of the root zone was contained in

the upper 10-cm soil layer, with approximately 95% of the root zone contained in the

upper 25-cm soil layer. Based on the plant characteristics and model calibration, in this

model we assign a root depth and leaf area index (LAI) of 25 cm and 2.7 respectively.

The a value for Equation 2-2 was assumed to be 0.4. The root density distribution

function given in Equation C-6 was used with c=0.5.

The micrometeorological measurements necessary to determine atmospheric

forcing were obtained using instruments mounted approximately 4.0 m above the ground

surface. Measurements were made every minute and averaged over 30-minute intervals

except where noted. The net radiation was measured with a net radiometer (Radiation

Energy Balance Systems Q7.1). The temperature and relative humidity were measured

using a shielded Vaisala model HMP 45C sensor (Vaisala, Inc.). Wind speed and

direction were measured with an CS 800-L anemometer (RM Young, Inc.). Atmospheric
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pressure was measured with a PTB100 barometer (Vaisala, Inc.). Precipitation was

measured using a TE525 tipping bucket rain gage (Texas Electronics). Ground heat flux

was measured by RET 3.1 heat fluxes plates installed approximately 2 cm below the

surface (Radiation Energy Balance Systems). Actual evapotranspiration was measured

using the eddy correlation approach. Water table depth was recorded every 15 minutes

using a WL-14 Water Logger. Near-surface volumetric soil water content was recorded

using a CSI 615L water-content reflectometer installed vertically to average over the top

25 cm of soil (Jacobs et al., 2002).

The meteorological data were used to calculate daily potential ET. The missing

meteorological data from April 18 to 30 were obtained from the Citra Weather Station

(29°24'35"N, 82°10'13"W ) located in the Florida Automated Weather Network

(FAWN). The Penman-Monteith surface resistances were assumed to be 200 s nf
1

for

April and 100 s m'
1

for May, June and July. Those values agree well with resistance

coefficients reported from different wetlands, including 75-150 s m'
1

for a prairie wetland

in Nebraska, USA; 25 s m'
1

during the growing season and 90 s m'
1

for the remainder of

the year for cattails in the South Florida Everglades (Jacobs et ah, 2002).

Table 4-1. Soil characteristics for the Wauberg sand soil in the Paynes Prairie Preserve

Area, Florida used in case study 1

Layer Depth(cm) Soil Texture

Saturated

Hydraulic

Conductivity

(cm hr'
1

)

Saturated

Moisture

Content

Residual

Moisture

Content

Layer 1 1-10 Sand 248.5 0.38 0.03

Layer 2 10-28 Sand 85 0.45 0.03

Layer 3 28-140 Sand loam 0.05 0.30 0.03

Layer 4 140-160 Sand loam 0.01 0.30 0.14
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The site’s soils include Emeralda fine sandy loam, Wauberg sand, and Ledwith

Muck. The predominant soil type was Wauberg sand (Jacobs et al., 2002). The modeled

soil characteristics were based on the experimental data by Jacobs et al. (2002), the soil

data for Wauberg soil from UF-IFAS (1985). Four layers were identified (Table 4-1). The

soil moisture release curves for the first layer and fourth layer were fitted to the van

Genuchten 0(\|/) relationship using the experimental data by Jacobs et al. (2002) and UF-

IFAS (1985), respectively. The second and third layers were best characterized by the

Haverkamp K(\|/) and 0(\|/) relationships. The soil release curves for the second and third

layers were fit to the experimental data from UF-IFAS (1985). The parameters for the

K(\|/) relation were calibrated since no source existed. Table 4-2 lists the soil potential

relationships and fitted parameters for each of the layers.

Table 4-2. Soil potential relationships and fitted parameters for Wauberg soil layers in

the Paynes Prairie Preserve Area, Florida used in case study 1

Soil layer Relationship a M n A a P y

Layer 1 Van Genuchten 0.1 1.66 0.398 N/A N/A N/A N/A

Layer 2 Haverkamp N/A N/A N/A 1.18xl0
6

l.OxlO
6

3.0 3.9

Layer 3 Haverkamp N/A N/A N/A 1.18xl0
6

1.0x10
s

3.0 3.5

Layer 4 Van Genuchten 0.015 1.45 0.31 N/A N/A N/A N/A

The unsaturated flow model was used to simulate soil water dynamics forced with

both the daily average and the diurnal cycle of potential evapotranspiration. The

simulated volumetric soil moisture content in the top 25 cm, the water table depth, and

the actual evapotranspiration from Days of Year (DOY) 100 to 181 of 2001 were

compared to measured values. Figure 4-1 shows the measured average soil moisture and
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water table values between DOY 1 00 and 1 8 1 and the calculated values between DO

Y

100 and 201. The comparison indicates that the simulated results agree with the measured

data reasonably well except that the simulated water table fluctuation between DOY 161

and 1 81 is not as intense as the measured values. As the simulated water table agrees well

with the observed values before and after this period, the observed water table’s rapid rise

and fall during this period may reflect soil macroproperties that resulted in locally

enhanced infiltration and mounding of the groundwater table with a subsequent lateral

redistribution.
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Figure 4-1 . Comparison of measured and predicted water table and moisture change with

time based on the study at Paynes Prairie State Preserve site.
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Figure 4-2 compares the measured ET against calculated potential and actual ET.

The calculated actual ET compares well with measured ET for the whole period except

for period DOY 106 to 114. The model overestimated potential and actual ET for this

period.
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Figure 4-2. Comparison of measured and predicted evapotranspiration with time based

on the study at Paynes Prairie State Preserve site.

The goodness of fit between simulated and measured data was quantified using

the Nash-Sutcliffe efficiency where

Ejy _ i

Y.(model - measured)

2

Z( measured - measured)
2

The Nash-Sutcliffe efficiency results, summarized in Table 4-3, are 0.888, 0.902,

and 0.605 for the simulated water table, soil moisture content and actual ET, respectively.

These results demonstrate that the model satisfactorily captures the soil water dynamics

and indicate that using daily average PET adequately characterizes the required

atmospheric forcing.

The unsaturated flow model was next used to simulate soil water dynamics forced

with the diurnal PET rate. Figure 4-2 shows that for high water table conditions, no

significant evapotranspiration difference exists between the two methods. However, for
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the low water table conditions that occurred for Julian days 130 through 172, the

calculated actual ET results using the diurnal PET are lower than those obtained using

daily average ET in the numerical simulation. This decrease in water removed from the

soil impacts the water table and temporal soil water dynamics. Figure 4-2 shows that the

diurnal PET results in higher water tables and wetter surface conditions that better reflect

observed values than the daily average. Application of the diurnal PET results in a slight

improvement to the Nash-Sutcliffe efficiencies, which were 0.916, 0.913, and 0.653 for

the simulated water table, soil moisture content and actual ET, respectively (Table 4-3).

Table 4-3. Model forecast efficiency for case study 1

Nash- Sutcliffe Forecast Efficiency

Parameters
Modeled Results

Using Average ET
Modeled Results Using

Sinusoidal ET

Water Table Depth 0.888 0.916

Average Soil Moisture Content 0.902 0.913

Actual ET 0.605 0.653

Table 4-4. Soil parameters for k(\|/) and 0(v|/) for case studies 2 and 3

Soil Sand Yolo light Clay

Ks(cm/hr) 33.984 0.04428

A 1.175*10
6

1.246*10
2

a 1.61 1*10
6

7.390*10
2

p 4.747 1.770

Y 3.9600 4.0000

0S 0.2870 0.4950

©r 0.0750 0.1240

Note: Data are taken from Gottardy and Venutelli (1993).
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4.3.2 Case Study 2

For this study, the influence of the diurnal PE function on the prediction of actual

evaporation and water dynamics was further explored for a bare sandy soil and a range of

water table depths. A homogeneous soil column consisting of a sandy soil was

considered. Its K(\|/) and 0(\|/) relationships were characterized using the Haverkamp

equations using parameters observed by Gottardi and Venutelli (1993) as listed in Table

4-4.
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Figure 4-3. Soil potential profiles at different water tables after two days of evaporation

for a bare sandy soil, both considering a diurnal cycle of evaporation and using average

daily evaporation.

The soil column was uniformly divided into 60 equal elements. The daily PE rate

was 4.00 mm day'
1

, roughly equal to the average daily PET for case study 1. The initial

soil potential is -10 cm for every node except the bottom boundary, where soil potential

was zero. The model was run to equilibrium before the atmospheric forcings were

applied. To study the influence of water table on the actual evaporation process, the bare
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soil model was run three times with the water table at depths of 60, 96 and 120 cm, while

holding all other parameters the same.

Figure 4-4. Soil moisture content profiles at different water tables after two days of

evaporation for a bare sandy soil, both considering a diurnal cycle of evaporation and

using average daily evaporation.

Figure 4-3 gives a comparison of the soil potential profile after two days of

evaporation from a bare sandy soil, both considering a diurnal cycle of evaporation and

using average daily evaporation. From Figure 4-3, it is apparent that as the depth to the

water table increases, the difference between the soil potential profiles from using diurnal

cycle and daily average of evaporation increases. For a water table at a depth of 96 cm,

the soil moisture profiles from the two approaches begins to diverge from a location of 30

cm below the soil surface to a maximum difference of 32 cm tension at the soil surface.

For the water table at 120 cm, the soil moisture profile begins to diverge at 40 cm and the

tension difference between the approaches is 92.6 cm at the soil surface. For a water table

at depth 60 cm, the soil potential profiles from both approaches are very similar.
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Figure 4-5. Actual evaporation during the 24-hour period of second day at different

water tables from a bare sandy soil, both considering a diurnal cycle of evaporation and

using average daily evaporation.

Figure 4-4 shows a comparison of soil moisture content profiles resulting from the

same simulations outlined above. When water table depth is 60 cm, the soil moisture

profiles from the two approaches are very similar. When the water table depth increases

to 96 cm, the soil moisture profiles from the two approaches begin to diverge at a point

38 cm below the soil surface with a maximum difference of 0.003 at the soil surface.

When water table depth increases to 120 cm, the soil moisture profiles from the two

approaches begin to diverge at a point 30 cm below the soil surface with a maximum

difference of 0.0016 at the soil surface. It is interesting that when water table depth

increases from 96 to 120 cm, the difference between the soil moisture profiles decreases.

The reason may be that the difference between the actual evaporation rates from both

approaches is greater when water table is 96 cm than when water table is 1 20 cm,
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possibly because the potential evaporation cannot be satisfied when water table depth is

further increased, even using the average daily approach.

Figure 4-5 shows a comparison of potential evaporation and actual evaporation

rate for a 24-hour period beginning after 1 day of evaporation. The potential evaporation

rate can be satisfied for the whole period using the average potential evaporation rate

when water table depth is 60 cm or 96 cm. However when water table depth is increased

to 120 cm, the potential evaporation rate cannot be satisfied. For the diurnal cycle

approach, when water table depth is 60 cm, potential evaporation rate can be satisfied for

the whole period. However, when water table depth is increased to 96 cm or 120 cm it is

apparent that the potential evaporation cannot be satisfied during peak potential

evaporation because of the decreasing soil potential and hydraulic conductivity near the

soil surface. Thus, using the average daily potential evaporation rate removes an excess

of water from the soil profile.

4.3.3 Case Study 3

In this case study, a clay soil was used to examine the effects of plants on actual

evapotranspiration and soil water dynamics. As for case study 2, the Haverkamp K(y)

and 0(\(/) relationships were used to characterize the clay soil. The parameters for the

relationship are listed in Table 4-4. The water table was 96 cm from the soil surface. The

soil column was uniformly divided into 60 elements. The daily average

evapotranspiration rate was again taken to be 4.0 mm day'
1

. The initial soil potential was

-10 cm for every node except the bottom boundary, where soil potential is zero. The

model was run to equilibrium before atmospheric forcing was applied. In this case study,

the model was run for a bare clay soil and for the clay soil in presence of plants. The

same parameters used in case study 1 were selected to characterize plants.
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soil potential (cm)

Figure 4-6. Soil potential profiles after 2 and 4 days of evaporation for a bare clay soil

and a clay soil in presence of plants, both considering a diurnal cycle of evaporation and

using average daily evaporation.

Figure 4-6 gives a comparison of the soil potential profile after 2 and 4 days

considering both a diurnal cycle of potential evaporation and average daily potential

evaporation for bare clay soil and the clay soil in presence of plant. The soil potential

profiles using a diurnal cycle of potential evaporation and daily average potential

evaporation are identical for depth greater than 5 cm. Due to the higher moisture holding

capacity of the clay, the actual evaporation is closer to the potential evaporation than for

the sand. For a bare soil with a water table depth of 96 cm the maximum soil potential

differences at the soil surface after 2 and 4 days are 9.25 and 34.4 cm respectively,

slightly lower than those observed for sand. This is a result of the relatively slow

redistribution of soil water to the upper layers of the soil profile for the clay soil, which

impacts the evaporation rate.
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soil moisture content

Figure 4-7. Soil moisture profiles after 2 and 4 days of evaporation for a bare clay soil

and a clay soil in presence of plants, both considering a diurnal cycle of evaporation and

using average daily evaporation.
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Figure 4-8. Actual evaporation during the 24-hour period of fourth day from a bare

sandy soil and a soil in presence of plants, both considering a diurnal cycle of evaporation

and using average daily evaporation.
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All parameters for the scenario assuming plants are present were the same as for

case study 1. In Figure 4-6 the soil potential profiles after 2 and 4 days of

evapotranspiration are shown. For the case in presence of plants, the maximum soil

potential differences at the soil surface after evapotranspiration for 2 and 4 days are 5.88

and 10.5 cm respectively. The differences are smaller than for the pure evaporation

process for bare soil, apparently because more water is lost from the deeper soil when soil

is covered with plants. Figure 4-7 shows the soil moisture profiles after 3 and 4 days of

evapotranspiration. For the case in presence of plants, the difference between soil

moisture contents at the ground surface by the end of 4
th
day obtained using the average

and diurnal cycle evapotranspiration is 0.0054, compared to 0.017 for bare soil. This

phenomenon is consistent with soil potential change for both cases.

Figure 4-8 compares the potential and actual evaporation rate for a clay soil for a

24-hour period during the fourth day. In contrast to case study 2, the potential

evaporation rate cannot be satisfied even when average potential evaporation is used in

the simulation. As with case study 2, less water is removed from the soil profile when

accounting for the higher daytime evaporative demand using the diurnal potential

evaporation cycle.

4.3.4 Case Study 4

For this case study, the data from the experiment conducted by Smith and

Woolhiser (1971) for a coupled surface-subsurface flow are used to verify the model. The

experimental data have been used by several authors (Akan and Yen, 1981; Singh and

Bhallamudi, 1998) for the comparison with their numerical models. The experiment was

conducted in a laboratory watershed consisting of a soil flume and a rainfall simulator.

The soil was Poudre fine sand. The flume was 2 in. (51mm) in width, 4 ft (1.22 m) in
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depth, and 40 ft (12.2 m) in length. The slope of the flume was 0.01 . The bottom of the

flume was impervious, but water was collected at ends for measurement. Three layers

were identified with thickness of 76.5, 229.5 and 761 mm respectively. The fluid used

simulator generated a rainfall with intensity of 9.9 in/h (250 mm/h) over a duration of 1

5

min. The dry initial condition existed after the flume had drained for several weeks and

the water table was approximately 1066.8 mm. In this study, the model was run to

equilibrium and the soil moisture profile at equilibrium was used as the initial condition

for modeling. The K(\|/) and 9 (vj/) relationships were determined experimentally. The

relative hydraulic conductivity, Kr and saturated moisture content, 0 r are defined as

in which 0 r is the residual moisture content, Ks and 0S are the saturated hydraulic

conductivity and saturated moisture content respectively, K and 0 are the hydraulic

conductivity and moisture content. The curves for S e vs. pressure head and Kr vs.

pressure head used by Smith and Woolhiser (1971) were fitted by Singh and Bhallamudi

(1998). The fitted expressions are employed in this example with small modification so

they are a little closer to measured data. They are written here for reference.

For layer 1

:

was a light oil with a kinematic viscosity of 0.003 sq in./sec (1.94*1 O'
4 m2

/s). A rainfall

(4-1)

(4-2)

b
if y/ < -12.85 cm

= V'V )

0.8434 - 0.0148^ - 0.0026^
2

0.8645

if -12.85 <(// < -2.82 cm

if y/ > -2.82 cm

(4-3)
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K, =

(\ij yi
T

b

l'*'

0.5228 + 0.0204^ - 0.0009^
2

0.5015

if y/ <- 13.729 cm

if -13.729 < y/ < -1.0 cm

if y/> -1.0 cm

For layer 2:

S. = <

fxu Y
* b

[V J

0.9163 + 0.001 \y/ - 0.0012^
2

0.9093

if y/ < -17.196 cm

if -17.196 < y/ < -2.0 cm

if y/ > -2.0 cm

K={

vi) Y

^ J

0.6421 + 0.0226y/ - 0.00042^
2

0.6189

if y/ < -17 cm

if -17 < y/ < -1.0 cm

if y/ > -1.0 cm

For layer 3:

S =

Cxij Y
* b

{ V )

0.9842 + 0.01^ - 0.000536^
2

0.962

if y/ < -25.18 cm

if -25.18 < y/ < -2.0 cm

if y/> -2.0 cm

K=\

ui Y
* b

^ )

0.7387 + 0.0063^ - 0.001 Xy/
1

0.7313

if y/ < -21.34 cm

if -21.34 < y/ < -1.0 cm

if y/ > -1.0 cm

(4-4)

(4-5)

(4-6)

(4-7)

(4-8)

The values ofKs ,
0S ,

0r ,
X, r| and \|/b for the three soil layers are given in Table 4-5.

Table 4-5. Hydraulic properties of the soil

Layer Ks (cm/day) 0s 0r X n Vb (cm)

1 566.9 0.460 0.020 2.03 8.09 -10.0

2 365.7 0.504 0.025 2.20 8.60 -13.0

3 268.2 0.543 0.025 2.31 8.93 -17.0
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The horizontal plane for overland flow is divided into 48 triangle elements and 32

nodes (Figure 4-9). The area close to downstream was more densely discretized

compared to the area close to upper stream. Each element is the top boundary of a 1-D

soil column with 25 nodes. The distance between the water table and the land surface of

the downstream end was 1066.8 mm.

Figure 4-9. Overland flow domain discretization.

Figure 4-10 shows the runoff hydrograph at the downstream for the experiment

results by Smith and Woolhiser (1971), the numerical results by Akan and Yen (1981)

and Singh and Bhallamudi (1998) and this study. The first half of the rising limb of the

hydrograph is close to that of Smith and Woolhiser (1971), the other half of the rising

limb of the hydrograph is closer to that of Singh and Bhallamudi (1998), while the

recession limb of the hydrograph is closer to that of Akan and Yen (1981). Our results

show a slight improvement over the hydrograph presented by Singh and Bhallamudi

(1998). The discrepancy between the present numerical results and the numerical results

by Akan and Yen (1981) may be due to the different overland flow models that were used

to simulate surface runoff and also the minor differences in processing the soil-moisture

characteristic curves. Akan and Yen (1981) used a dynamic wave model for their

overland flow while we used a diffusion overland flow model. Finally, the different

3x0.017

m
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algorithms used in solving the differential equations and the way by which the study

domain was discretized may introduce discrepancy in the results.

6 8 10 12 14 16 18

Time (min)

Figure 4-10. Comparison of runoff hydrograph at the downstream from the experiment

results by Smith and Woolhiser (1971), the numerical models by Akan and Yen (1981)

and Singh and Bhallamudi (1998), and model developed in this study.

4.4. Concluding Remarks

In case study 1 ,
an example based on an experiment conducted at Paynes Prairie

State Preserve site was simulated to study how water table and soil moisture are

influenced by the atmospheric forcings. From this study it is shown that the model can

simulate actual evapotranspiration, water table and moisture content reasonably well,

both when daily average ET or diurnal cycle ET are used to force the model. However

using the diurnal cycle of ET showed a slight improvement on the prediction accuracy.
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Give the same initial moisture condition and evapotranspiration rate, the soil

potential all through the soil profile for a sandy soil (case study 2) is relatively higher

than that for a clay soil (case study 3), because of differences in water transport capacity.

Our tests show that for a sandy soil the actual evapotranspiration is mainly restricted by

the residual potential of the soil. However, for the clay soil in a drying process, the actual

evaporation rate is mainly determined by upper ward flux driven by the pressure-potential

gradient between the soil and the atmosphere, expressed in Equation 2-7, an algorithm

used in the VS2DT model for calculating actual evaporation, rather than the residual

potential of the soil. At the soil surface, the soil potential difference between cases when

the daily average and diurnal cycle is used is greater for sandy soil than that for clay soil.

Due to the different soil moisture holding capacities of sand and clay, the soil moisture

potential profiles using daily average and diurnal cycle begin to diverge at a location of

30 cm below the soil surface for sandy soil, while for clay soil, divergence occurs only 5

cm below the soil surface.

For different water table depths, the actual evaporation rate may be quite different

even for the same atmospheric forcing. In case study 2, as water table depth increases, the

actual evaporation rate significantly decreases. Comparing the actual evaporation pattern

of the bare soil and soil in presence of plants, we find that with the same potential

evapotranspiration rate, soils in the presence of plants evaporate water at a rate very close

to the potential evaporation rate because the roots draw moisture from a larger volume

than for surface evaporation from bare soil.

In case study 4, the proposed coupled surface-subsurface flow model is used to

simulate an experiment conducted by results by Smith and Woolhiser (1971). The
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numerical results obtained from running the model developed in this study were

compared with both the experimental data and the numerical results by Akan and Yen

(1981) and Singh and Bhallamudi (1998). The numerical results from the model

developed in this study are close to those by Singh and Bhallamudi (1998). Generally

speaking, the agreement between the observed and computed hydrographs is reasonably

good.



CHAPTER 5

MONTE CARLO SIMULATION OF COUPLED OVERLAND AND VADOSE ZONE
FLOW

5.1. Introduction

Natural watersheds exhibit spatial heterogeneity in topography, surface

roughness, vegetation, and soil infiltration capacity. The influence of the spatial

variability of these parameters on surface runoff, soil erosion and pollutant transport has

been widely recognized in hydrology. To examine the relationship between the surface

flow processes and soil and vegetation characteristics, it is very important to develop a

physically-based multidimensional model that incorporates spatial variations in

topography, surface roughness and soil infiltration capacity.

Over the past several decades, the influence of spatial variations in topography,

surface roughness and soil infiltration characteristics on the variability in surface runoff

has been studied by a number of researchers. Using a Monte Carlo methodology and the

Smith and Parlange infiltration model, Smith and Hebbert (1979) examined the effects of

random distribution of infiltration characteristics on the hydrologic performance of

catchment areas. They found that the mean ponding time in a composite simulation

showed little bias, while the mean infiltration rate was particularly biased at greater

coefficients of variation and smaller ratios of rainfall intensity to saturated hydraulic

conductivity.

Freeze (1980) used a stochastic-conceptual hydrologic model to investigate the

influence of spatial stochastic properties of hillslope parameters on the statistical

89
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properties of runoff events. Both Hortonian and Dunnian overland flow generation

mechanisms were simulated. The results ranked the importance of the stochastic

properties of the distribution of hydraulic conductivity as follows: the mean value, the

standard deviation and the autocorrelation function. Freeze warned that great error may

be introduced in the statistics of predicted runoffwhen an equivalent uniform hillslope is

used in lieu of a heterogeneous hillslope, for a sequence of stochastically generated storm

events.

Utilizing a parallel plane analogy to incorporate lognormal spatial variability of

saturated hydraulic conductivity, Woolhiser and Goodrich (1988) studied the influence of

spatial variations of saturated hydraulic conductivity on the surface runoff for different

intensities of storm events. They found that a uniform plane represented by the geometric

mean of hydraulic conductivity yielded higher peak discharges for low infiltration rates

or high intensity storms, while storms of short duration and high saturated hydraulic

conductivity values led to a higher discharge from the heterogeneous hillslope.

Zhang and Cundy (1989) developed a two-dimensional hydrodynamic and

numerical model for overland flow and applied the model to study the effects of spatially

varied roughness, infiltration and microtopography on the variability of surface runoff for

a single random replicate. Their study shows that microtopography is the dominant factor

causing spatial variation in overland flow depth, velocity and direction. As only one

realization of each spatially varied parameter was used, their results are more qualitative

than quantitative.

Julien and Moglen (1990) examined the spatially uncorrelated variability in slope,

roughness, width and excess rainfall on a one-dimensional runoff plane separately. The
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kinematic wave approximation of the St. Venant equations was selected and solved using

a one-dimensional finite element method. After analyzing results from 8400 simulated

dimensionless hydrographs under spatially varied input, they concluded that variability in

discharge from impervious surfaces depends primarily on the ratio of rainfall duration to

the time to equilibrium. Runoff variability from uncorrelated and correlated slope,

Manning’s n, width, and excess rainfall intensity, decreased in a similar manner with

increasing rainfall duration. Among four spatially varied parameters, excess rainfall

demonstrated the greatest relative sensitivity effect on surface runoff, while slope had the

least effect.

Using a Monte Carlo methodology and a two-dimensional hydrodynamic rainfall-

runoff model, CASC2D, coupled with the Green-Ampt equation, Saghafian et al. (1995)

examined the variability in Hortonian surface runoff discharge and volume produced by

stationary rainstorms on watersheds with spatially distributed soil saturated hydraulic

conductivity. Their study revealed the importance of the ratio of the mean saturated

hydraulic conductivity to the uniform rainfall, and rainfall duration to the representative

equilibrium time of the mean system. In general, the variability in both discharge and

runoff volume for randomly distributed systems increased with the coefficient of

variation ofK and the ratio of saturated hydraulic conductivity to rainfall intensity,

compared to the runoff generated from uniformly distributed systems. Runoff variability

was found to decrease when time increased unless the mean value of hydraulic

conductivity approached the rainfall intensity. The spatial variability of hydraulic

conductivity exerted a greater influence on the runoff volume than on the peak discharge.

Increasing initial soil moisture contents, particularly near saturated conditions, generally
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caused more diversity in the hydrograph response of heterogeneous watersheds excited

by short-duration storms, but had a minimal effect under long duration storms.

Employing the kinematic wave equations with interactive Smith-Parlange

infiltration, Woolhiser et al. (1996) studied the effects of spatial variability of saturated

hydraulic conductivity on Hortonian overland flow. They found that runoff hydrographs

were strongly affected by trends in hydraulic conductivity, particularly for small runoff

events. Their study showed that the flow concentration in rills and the resulting reduced

effective wetted areas subject to infiltration after rainfall ceases had a major impact on

runoff peaks and time to peak for cases where the saturated hydraulic conductivity

increased downslope.

By studying the interaction between infiltration and the Hortonian runoff using a

kinematic wave model and the Monte Carlo methodology, Corradini et al. (1998)

concluded that for realistic values of the coefficient of variation of the saturated hydraulic

conductivity, the run-on process could not be disregarded. It produced a significant

decrease of overland flow during both the rising and the recession limb of the

hydrograph. Merz and Plate (1997) investigated the effects of spatial variability of

infiltration parameters and initial soil moisture on the rainfall runoff process using a

quasi-three-dimensional, process-oriented model—SAKE / FGM and a single replicate

approach. They found that effects of spatial variability are small for very small and for

large runoff events.

Using the Monte-Carlo methodology together with the fully distributed

hydrological model r.water.fea (Vieux and Gaur, 1994), which simulates storm water

runoff using a kinematic wave model coupled with the Green-Ampt infiltration equation,
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Seguis et al. (2002) investigated the impact of stochastic and elevation-related spatial

distributions of soil parameters on Hortonian runoff. They found that regardless of the

saturated hydraulic conductivity gradient and/or stochastic variation coefficient, outflow

volumes and peak discharges tended towards those calculated with a uniform saturated

hydraulic conductivity value when the storm was long and intense. They also found that

whatever the rainstorm and variation coefficient of saturated hydraulic conductivity, the

basin runoff production was higher when the saturated hydraulic conductivity increased

with elevation than when it decreased.

In most previous work, the spatial analysis of surface runoff has been conducted

using the one-dimensional kinematic wave model coupled with a simple infiltration

model such as Green-Ampt infiltration equation, Philip infiltration equation and Smith-

Parlange equation (Smith and Parlange, 1978). The interaction between the surface and

subsurface water flow has not been fully considered. Furthermore most previous work

analyzed the effects of variability of soil characteristics on surface runoffpeak and

volume, but not surface water depth. Saturated hydraulic conductivity has been the main

parameter varied in previous studies and usually the soil has been assumed to be

homogeneous in the vertical. The objectives of this study are i) to quantify the influence

of spatial variability of microtopography, Manning’s n and saturated hydraulic

conductivity on surface runoff characteristics, ii) to compare the relative sensitivity of

different spatially varied parameters, and iii) to compare our results with those reported

by previous researchers to see if discrepancies exist because of somewhat different

approaches used to model the problems.
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5.2 Statement of the Problem

The hypothetical hillslope is a modification of case study 4 in Chapter 4. As a

geometrical simplification, we represent a natural hillslope by a single plane with a mean

slope of 2%. The plane was 40 *40 m. The vertical distance from the soil surface to the

fixed water table at the downstream end of the hillslope was 1.2 m. A rainfall with an

intensity of 250 mm/h was applied to the hillslope uniformly for a duration of 15 min

(900 sec). No-flux boundary conditions were applied to all boundaries except the

downstream boundary, where a critical flow condition was employed.

A stationary lognormal distribution of saturated hydraulic conductivity was

assumed and hydraulic conductivities were allowed to vary spatially in three dimensions

with different correlation scales in the vertical and horizontal planes. In the horizontal

plane, the correlation scale was 4 m, while in the vertical direction the correlation scale

was 0.25 m. The geometric mean of saturated hydraulic conductivity was 3.657 m/day, so

the ratio of saturated hydraulic conductivity to rainfall is 0.61 (<1).

The Manning’s coefficients were assumed to be stationary and lognormally

distributed on the soil surface. The correlation scale for Manning’s coefficients was 4 m.

The geometric mean of Manning’s coefficient was 0.04 s/m . The microtopography was

assumed to have a stationary normal distribution. The actual surface elevation was set

equal to the sum of a spatially variable microtopography term and a mean surface

elevation obtained using the mean slope. As with the Manning’s coefficient, the

correlation scale for microtopography was 4 m.

The Monte Carlo methodology was used to analyze the impact of the

heterogeneities described above on surface water depth and discharge. For hydraulic

conductivity, 5 cases were considered, each case corresponding to a random field with
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the same geometric mean but different standard deviation. The lognormal standard

deviation for each case was 0.5, 0.65, 0.8, 1.1 and 1.5 respectively. For Manning’s

coefficient, 5 cases with geometric mean equal to 0.04 sm'
l/3

and lognormal standard

deviation of 0.5, 0.65,0.8, 0.95 and 1.1 were considered. For surface elevation, only four

cases were considered, standard deviations of microtopography corresponding to 0.2, 0.3,

0.4 and 0.5 cm around the 2% mean slope. The model had difficulty converging if the

microtopography deviation was increased to above 0.5 cm because for this study the

maximum average water ponding depth is about 0.5 cm. Table 5-1 summarizes the

statistical properties of all parameters for the case studies described above.

Table 5-1. Statistical parameters for the case studies

Parameters Mean Correlation Scale Distribution Standard Deviations

Hydraulic

conductivity

(m/day)

3.657
x-y plane: 4m
z direction:0.25m

Lognormal 0.5,0.65,0.8, 1.1, 1.5

Microtopograph

y (cm)

Manning’s

0 4m Normal 0.2, 0.3, 0.4, 0.5

coefficient

(s/m
1/3

)

0.04 4m Lognormal 0.5,0.65,0.8, 0.95, 1.1

The study domain was discretized into a 40*40 cell rectangular mesh in the

horizontal plane. Each rectangular cell mesh in the horizontal plane was further split into

two triangular elements. According to the case study, each element was assigned the

geometric mean value of parameters being treated as deterministic and randomly varying

values generated using a turning bands algorithm for the parameter being treated as

spatially variable (Tompson et al., 1989). Two hundred simulations were carried out for

each case study. By using the Monte Carlo method, we are assuming that if a sufficiently
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large number of realizations are used in the simulations, the statistical properties of the

simulated output variables over the ensemble of all realizations may be determined. The

200 replicates were selected in Monte Carlo simulations so that both the reliability of

results and computational time would be acceptable.

5.3 Analysis of Results

5.3.1 The Effects of Spatially Varied Hydraulic Conductivities on Subsurface Flow

Using the model developed in this study, the effects of spatial variability of

hydraulic conductivity, Manning’s coefficient and microtopography on surface water

depth and discharge rate were examined separately and systematically. Primary emphasis

was put on analyzing the variability of surface water depth and discharge rate, not the

subsurface flow, which has been intensively studied by others (Foussereau et al., 2000;

Russo, 1993; Russo et al., 1998) for the case in which all rainfall infiltrates the profile.

However, the outputs concerning subsurface flow will be briefly reviewed. The outputs

for subsurface flow include soil potential, moisture content and water flux from the soil

surface to water table. Figures 5-1 to 5-6 show results for an element which is on the

horizontal domain centerline between the upstream and downstream, 1.5 m away from

the downstream end.

Figure 5-1 shows the soil potential profiles from the soil surface to the water table

at different times using the uniform field (geometric mean = 3.657 m/day) and the mean

soil potential profile from the Monte Carlo simulation (log standard deviation = 0.8).

From this figure it is evident that there is little difference between the soil potentials at

the soil surface at different times for the uniform field and the mean of the random fields.

At time t=300 sec, the soil potential from the ensemble mean field is about 1 .5 cm higher

than that from the uniform field. At time 600 sec and 900 sec, the soil potential difference
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for both cases is not significant. After rainfall ceases at 900 sec, water begins to drain

from the top soil layer. At 1200 sec and 1500 sec, the soil potential difference between

the uniform field and ensemble mean field are quite different, especially for the top 50

cm of soil and the soil profile from the ensemble mean field is drier. This is most likely

due to the fact that for the random hydraulic conductivity field more surface runoff is

generated and less water infiltrates into the unsaturated zone.

From Figure 5-2 we find that the soil water potential standard deviation is high at

the soil surface near the beginning (300 sec) and at the end of the storm (1200-1500 sec).

In the middle of the storm event, when water begins to pond at the soil surface, the soil

water potential standard deviation at the soil surface becomes insignificant although at

other soil depths the soil potential standard deviation continues to increase as the

moisture front moves down. This figure indicates the soil water potential uncertainty is

highest near the leading and tailing edge of the moisture profile, where soil potential

gradients are high.

Figure 5-3 shows that the infiltration rate at the soil surface is higher for the

uniform field than for the ensemble mean of the Monte Carlo simulation. This indicates

that the total volume of surface runoff is higher for the ensemble mean random field than

for the uniform case. The reason may be that the infiltration rate in each soil column is

mostly determined by the lowest hydraulic conductivity. When the variability of

hydraulic conductivity increases, the probability of hydraulic conductivity with extremely

low values increase. The overall effect is that effective hydraulic conductivity decreases,

the surface infiltration rate decreases. Figure 5-4 shows that water flux uncertainty is

highest at the leading edge of the mean moisture profile.
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Figure 5-1. Comparison of soil potential profiles at different times for uniform geometric

mean Ks and mean of Monte Carlo simulations for an element of 1.5 m from the

downstream.
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Figure 5-2. Soil potential standard deviation profiles at different times for Monte Carlo

simulations for an element of 1 .5 m from the downstream.
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Figure 5-4. Water flux standard deviation profiles at different times for Monte Carlo

simulations for an element of 1 .5 m from the downstream.
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5.3.2 The Effects of Spatially Varied Hydraulic Conductivities on Surface Runoff

The effects of spatially varied hydraulic conductivities on surface runoff were

examined by running different Monte Carlo simulations with different standard

deviations of log hydraulic conductivity. Random saturated hydraulic conductivity fields

with lognormal standard deviation of 0.5, 0.65,0.8,1.1 and 1.5 were evaluated in this

study. For each Monte Carlo simulation, 200 realizations were generated and used by the

model for simulating surface and subsurface flow. From the outputs of surface water

depth and total surface discharge for the 200 realizations, the mean and standard

deviation of surface runoff discharge and the mean and standard deviation of water depth

along the domain centerline were obtained.

The uniform and mean Monte Carlo water depth curves along the centerline

between upstream and downstream at 450 sec and 900 sec are shown in Figure 5-5 and

Figure 5-7 respectively. From Figure 5-5 we can see that near the middle of the storm at

450 sec, the mean water depths increase with increasing hydraulic conductivity standard

deviation. The mean of the Monte Carlo simulations is not the same as the result using

mean input parameters. This indicates a non-linear effect and the need to derive effective

parameters to simulate the mean response. At the end of the storm (900 sec), the water

depths generated from the uniform field are higher than the mean generated from the

Monte Carlo simulations and the actual depths are much closer. The difference between

the deterministic and mean Monte Carlo water depth prediction decreases as time

increases because as time increases the infiltration rate decreases so the effect of

hydraulic conductivity on the runoff process decreases.

Figure 5-6 and Figure 5-8 show that the standard deviation of water depth

increases as the variability of hydraulic conductivity increases, but the increase in the
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standard deviation of water depth for both downstream and upstream is much less than

for the center domain. It is apparent that the upstream and downstream boundaries restrict

the uncertainty of water depth prediction at both ends of the domain.

Figure 5-9 shows the hydrographs obtained using the uniform field and the mean

of the Monte Carlo simulations for various hydraulic conductivity standard deviations.

For the ensemble mean field, the hydrograph extends for a longer period compared with

the uniform geometric mean field. This simply means that at early or later times, the

mean water depths for the Monte Carlo simulation are higher than the water depths

reduced from for the uniform geometric mean field. At the time corresponding to peak

discharge, the mean water depths for the ensemble mean of the Monte Carlo simulation

are lower than the water depths for the uniform geometric mean field. From Figure 5-9

we can see that compared to the uniform field, surface runoff begins earlier if the

hydraulic conductivity is a spatial random field and, the higher the variability, the earlier

runoff begins. Compared to the uniform field, surface runoff ends later for the Monte

Carlo simulation mean, and again the higher the saturated hydraulic conductivity

variability, the later runoff ceases. For both the rising and recession limbs, the higher the

variability, the higher the discharge rate. In general, the mean surface discharge runoff for

the Monte Carlo simulations is higher than that for the uniform field for the whole time

period, except at around 900 sec when the rainfall stops. At 900 sec, the peak discharge

rate from the uniform field is higher than any Monte Carlo simulation. However, the total

surface discharge volume increases with the increase in field variability, and except for

the random field with log standard deviation of 0.5, all random fields have more surface

runoff than uniform field (see Table 5-2 and Figure 5-1 1). Figure 5-10 shows the
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standard deviation of runoff discharge with time for the Monte Carlo simulations. The

standard deviation of surface runoff increases with time for the first half of the storm,

then begins to decrease after the inflection point of the rising limb of mean surface

discharge is reached. After the rainfall ceases at 900 sec, the variability of runoff

decreases rapidly as water is lost from the domain. As expected, as the variability of

hydraulic conductivity increases, the variability of surface runoff increases.

Table 5-2 summarizes the surface runoff starting time, ending time, peak and total

volume for the different hydraulic conductivity case studies. Figure 5-1 1 shows the

change of mean discharge volume with the hydraulic conductivity standard deviation.

From this figure, it seems an approximately linear relationship exists between the

discharge volume and the log standard deviation of hydraulic conductivity.

Figure 5-5. Water depth along the centerline between upstream and downstream for

uniform field and Monte Carlo simulations with different saturated hydraulic

conductivity standard deviation at time 450 sec.
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Figure 5-6. Water depth standard deviation along the centerline between upstream and

downstream for Monte Carlo simulations with different saturated hydraulic conductivity

standard deviation at 450 sec.

Distance from dow nstream(m)

Figure 5-7. Water depth along the centerline between upstream and downstream for

uniform field and Monte Carlo simulations with different saturated hydraulic

conductivity standard deviation at time 900 sec.
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Figure 5-8. Water depth standard deviation along the centerline between upstream and

downstream for Monte Carlo simulations with different saturated hydraulic conductivity

standard deviation at 900 sec.
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Figure 5-9. Comparison of surface runoff hydrographs for the uniform field and Monte
Carlo simulations with different variability of saturated hydraulic conductivity.
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Figure 5-10. Comparison of standard deviations of discharge for Monte Carlo

simulations with different variability of saturated hydraulic conductivity.

Figure 5-11. Mean discharge volume versus log standard deviation of hydraulic

conductivity.
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Table 5-2. Surface runoff starting time, ending time, peak and total volume for random

hydraulic conductivity fields with different log standard deviation

Log std dev

Hydrograpn"\^
Attributes

Uniform 0.5 0.65 0.8 1.1 1.5

Peak (m
3
/sec) 0.0475 0.0422 0.0434 0.0429 0.0442 0.0458

Starting time (sec) 337.45 270 260 240 240 240

Ending time (sec) 1051 1110 1140 1200 1200 1260

Total volume (m
3

) 16.30 15.73 17.27 17.97 19.47 21.27

5.3.3 The Effects of Spatially Varied Manning’s Coefficients on Surface Runoff

Similar procedures to those discussed in the last section were followed to examine

the effects of variability in Manning’s coefficient on surface runoff. Random fields of

Manning’s coefficients with lognormal standard deviations of 0.5, 0.65,0.8,0.95 and 1.1

were evaluated in this case.

The uniform and ensemble water depth curves along the centerline between

upstream and downstream at 450 sec and 900 sec are shown in Figure 5-12 and Figure 5-

14 respectively. At 450 sec Figure 5-12 shows water depths generated from the Monte

Carlo simulations fluctuated around the mean water depths generated from the uniform

field. The fluctuation is due to lack of sufficient Monte Carlo replicates to smooth the

estimate of the ensemble mean. At 900 sec, the water depths generated from the Monte

Carlo simulations are higher than that generated from the uniform field. Increasing

variability leads to the increasing ofmean water depths at 900 sec. From Figure 5-13 and

Figure 5-15, we can see that the variability of water depth increases when the variability

of Manning’s coefficient increases.
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Figure 5-16 shows the surface runoff hydrographs obtained using the uniform

field and the ensemble mean field with various standard deviation values. Compared to

the uniform field, the ensemble mean surface runoff begins a little later for all levels of

variability of Manning’s coefficient. However, there is no significant difference among

the surface runoff starting time for the random fields. Compared to the uniform

Manning’s coefficient, surface runoff ends later for the mean of the Monte Carlo

simulations. The trend is that the higher the Manning’s coefficient variability, the later

runoff ends. On the rising limb, the higher the variability, the lower the discharge rate is,

and the mean discharge rate on the rising limb for all the Monte Carlo simulations is

lower than that from the uniform field. At 900 sec, the peak discharge rate from the

uniform field is higher than the mean from any Monte Carlo simulation. On the recession

limb, the mean discharge rate for each Monte Carlo simulation is very close to that for

uniform field except for during the later recession period when the Monte Carlo

simulations have higher mean discharge rates. This is likely due to longer travel times,

i.e. increased mean surface resistance for spatially variable Manning’s coefficient.

Figure 5-17 shows the change ofmean discharge volume with the variability in

Manning’s coefficient. The total discharge volume decreases as the Manning’s

coefficient variability increases, and all random fields have less surface runoff than

uniform field. This implies that spatial variability in the Manning’s coefficient leads to

more infiltration of rainfall into the subsurface. For comparison. Table 5-3 summarizes

the surface runoff starting time, ending time, peak and total volume for different fields.

Figure 5-18 shows standard deviations of discharge for the Monte Carlo

simulations. The standard deviation of surface runoff increases with time until midway
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through the storm (i.e. at the reflection point of the rising limb of the mean hydrograph)

when the runoff variability begins to decrease. After the rainfall ceases, the variability of

runoff starts to increase again. Variability is maximum at the inflection point of the

recession limb of the mean hydrograph and then decreases as the runoff leaves the model

domain. Again with the increase in variability of Manning’s coefficient, the variability of

surface runoff increases.

Table 5-3. Surface runoff starting time, ending time, peak and total volume for random

Manning’s coefficient fields with different log standard deviation

Peak (m
3
/sec) 0.0475 0.0473 0.0471 0.0468 0.0461 0.0443

Starting time (sec) 337.45 360 360 360 360 360

Ending time (sec) 1051 1110 1110 1140 1140 1200

Total volume (m
3

) 16.30 16.04 15.90 15.55 15.11 14.09

Figure 5-12. Water depth along the centerline between upstream and downstream for

uniform field and Monte Carlo simulations with different standard deviation of

Manning’s coefficient at time 450 sec.
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Figure 5-13. Water depth standard deviation along the centerline between upstream and

downstream for Monte Carlo simulations with different standard deviation of Manning’s

coefficient at 450 sec.
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Figure 5-14. Water depth along the centerline between upstream and downstream for

uniform field and Monte Carlo simulations with different standard deviation of

Manning’s coefficient at time 900 sec.
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Figure 5-15. Water depth standard deviation along the centerline between upstream and

downstream for Monte Carlo simulations with different standard deviation of Manning’s

coefficient at 900 sec.
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Figure 5-16. Comparison of surface runoff hydrographs for the uniform field and Monte

Carlo simulations with different variability of Manning’s coefficient.
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Figure 5-17. Total mean runoff discharge volume versus log standard deviation of

Manning’s Coefficient.
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Figure 5-18. Comparison of standard deviations of discharge for Monte Carlo

simulations with different variability of Manning’s coefficient.
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5.3.4 The Effects of Spatially Varied Microtopography on Surface Runoff

Similar procedures as discussed in the last two sections were followed to examine

the effects of variability in microtopography on the surface runoff. Random fields of

microtopography with standard deviations of 0.2, 0.3, 0.4 and 0.5 cm were evaluated in

this case.

The uniform and mean Monte Carlo water depth curves along the centerline

between upstream and downstream at 450 and 900 sec are shown in Figure 5-19 and

Figure 5-21 respectively. At 450 sec Figure 5-19 shows the mean water depths generated

from the Monte Carlo simulations for low variability (0.2, 0.3) are slightly lower than

water depths generated from uniform field. The mean water depths generated from the

Monte Carlo simulations for relatively high variability (0.4, 0.5) are slightly higher than

mean water depths generated from uniform field. At 900 sec, the water depths generated

from random fields are always lower than those generated from the uniform field.

Increasing variability of microtopography leads to the decreasing mean water depths.

From Figure 5-20 and Figure 5-22 we can see that the variability of water depth increases

when the variability of microtopography increases.

Figure 5-23 shows the hydrographs obtained using the uniform field and the mean

of the Monte Carlo simulations with different standard deviation values. From Figure 5-

23 we can see no significant difference exists among the surface runoff starting and

ending times for the different ensemble mean fields. On the rising limb, the higher the

variability, the lower the ensemble mean runoff discharge rate. The mean discharge rate

on the rising limb for all Monte Carlo simulations is lower than the uniform field value.

On the recession limb, the ensemble mean discharge rate for each Monte Carlo

simulation is very close to that for the uniform field. At 900 sec, the peak discharge rate
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from the uniform field is higher than that from any random field. Table 5-4 summarizes

the mean surface runoff starting time, ending time, discharge peak and total mean runoff

volume for the different cases. Table 5-4 and Figure 5-24 show that the total discharge

volume decreases as the variability in microtopography increases. All random fields have

less surface runoff volume than the uniform field, except the random field with a standard

deviation of 0.2, for which the total runoff volume is a slightly higher than that of the

uniform one.

Table 5-4. Surface runoff starting time, ending time, peak and total volume for random

surface elevation fields with different log standard deviation

Log std dev

HydrograplT^-~-~-^^

attributes

Uniform

slope 0.02
0.2 0.3 0.4 0.5

Peak (m3
/sec) 0.0475 0.0462 0.0457 0.0448 0.0444

Starting time (sec) 337.45 360 360 360 360

Ending time (sec) 1051 1050 1050 1050 1080

Total volume (m3

) 16.30 16.66 15.98 15.65 15.37

Figure 5-25 shows standard deviations of discharge for the various Monte Carlo

simulations. As the variability of microtopography increases, the variability of surface

runoff increases. The standard deviation of surface runoff continues to increase with time

for a short period after rainfall ceases at 900 sec, reaching its peak at about 930 sec, then

decreases dramatically. Before 930 sec, the runoff standard deviation increases with time

because the surface water depth at the downstream increases with time and is always less

than the standard deviation of microtopography. After 930 sec, the water depth at

downstream falls below the standard deviation of microtopography and decreases

dramatically with time, thus runoff standard deviation decreases dramatically.
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Figure 5-19. Water depth along the centerline between upstream and downstream for

uniform field and Monte Carlo simulations with different standard deviation of

microtopography at time 450 sec.
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Figure 5-20. Water depth standard deviation along the centerline between upstream and

downstream for uniform field and Monte Carlo simulations with different standard

deviation of microtopography at time 450 sec.
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Figure 5-21 . Water depth along the centerline between upstream and downstream for

uniform field and Monte Carlo simulations with different standard deviation of

microtopography at time 900 sec.

Figure 5-22. Water depth standard deviation along the centerline between upstream and

downstream for uniform field and Monte Carlo simulations with different standard

deviation of microtopography at time 450 sec.
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Figure 5-23. Comparison of surface runoff hydrographs for the uniform field and Monte

Carlo simulations with different variability of microtopogaphy.

Figure 5-24. Total mean discharge volume versus standard deviation of

microtopography.
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Figure 5-25. Comparison of standard deviations of discharge for Monte Carlo

simulations with different variability of microtopography.

5.4 Conclusions

In this chapter, Monte Carlo simulations were conducted to analyze the impact of

spatial variability in Manning’s coefficient, saturated hydraulic conductivity and

microtopography on surface runoff processes. The coefficients of variation of water depth

at 450 and 900 sec, and the coefficient of variation of runoff rate at 900 sec were

calculated using outputs from the Monte Carlo simulations for each of the three input

random fields with a coefficient of variation (CV) of 0.95. The results are summarized in

Table 5-5. The coefficients of variation of Manning’s coefficient and saturated hydraulic

conductivity were calculated using their arithmetic mean and arithmetic standard

deviation. The coefficient of variation of microtopography was calculated using its

standard deviation and the mean surface water depth at 900 sec for the uniform field

since the mean variation of microtopography is zero for all cases. The coefficients of

variation of the output variables were calculated using the mean and standard deviation of
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that variable along the centerline between the upstream and downstream boundary. The

runoff volume change in percent was calculated using the runoff volume for the uniform

field as a reference.

Table 5-5. Comparison of outputs from Monte Carlo simulations for different spatially

variable paramel ers with the same coefficient of variation (0.95)

Outputs

Parameter

CV of water

depth at

450 sec

CV of water

depth at

900 sec

Runoff peak

change in

percent (%)

Runoff volume

change in

percent (%)

CV of runoff

rate at 900

sec

Manning’s

coefficient
0.39 0.42 -1.47 -4.60 0.02

Hydraulic

conductivity
0.51 0.26 -9.68 10.24 0.16

Micro-topography 0.53 0.31 -6.53 -5.70 0.01

The coefficient of variation of water depth changed from 0.39 at 450 sec to 0.42

at 900 sec for spatially variable Manning’s coefficient; from 0.5 1 at 450 sec to 0.26 at

900 sec for spatially variable hydraulic conductivity; and from 0.53 at 450 sec to 0.31 at

900 sec for spatially variable microtopography. Thus as time increases, Manning’s

coefficient shows a slight increasing effect on the coefficient of variation of surface water

depth. For microtopography and random hydraulic conductivity, the coefficient of

variation of water depth decreases, falling significantly as time increases. Thus spatially

variable microtopography and hydraulic conductivity have a greater effect on water depth

prediction uncertainty at early times and Manning’s coefficient has a slightly greater

effect at later times.

Compared with the peak discharge for the uniform field, the mean peak discharge

from all the Monte Carlo simulations is smaller. Random hydraulic conductivity shows

the largest decrease (9.68%), while random Manning’s coefficient shows the smallest

decrease (1 .47%). Compared with the uniform field, the mean total runoff volume



119

increases by 10.24% for the random hydraulic conductivity field, and decreases by 5.7%

and 4.6% for random microtopography and Manning’s coefficient fields, respectively.

For spatially variable hydraulic conductivity, the coefficient of variation of surface runoff

at 900 sec is 0.16, which is much higher than the values of 0.01 for spatially variable

microtopography and 0.02 for spatially variable Manning’s coefficient. To conclude,

among the three spatially varied parameters, hydraulic conductivity demonstrates the

greatest effect on mean and coefficient of variation of the peak runoff discharge rate and

total mean runoff volume, while Manning’s coefficient has greatest effect on coefficient

of variation of the surface runoff water depth at later times.

Simulation results revealed that the spatial variability of saturated hydraulic

conductivity, Manning’s coefficient and microtopography also influences the mean

surface runoff hydrograph in runoff starting time, and ending time. For spatially variable

hydraulic conductivity, runoff begins earlier for the ensemble mean field than for the

uniform field. For spatially variable microtopography and Manning’s coefficient, mean

surface runoff begins a little later compared to the uniform field. For all three parameters,

the higher the variability, the longer the surface runoff lasts after rainfall ceases.

The uniform field represented by the geometric mean of hydraulic conductivity

yields higher peak discharges, but lower total runoff volume than the the mean Monte

Carlo runoff hydrograph. This was an expected trend, which is consistent with a previous

study reported by Woolhiser and Goodrich (1988). The spatial variability of hydraulic

conductivity exerts a greater influence on the runoff volume than on the peak discharge.

This conclusion is consistent with studies conducted by Saghafian et al. (1995). The

ensemble mean fields for Manning’s coefficient and microtopography yield lower peak
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discharges and runoff volume compared with the uniform field. The higher the variability

of Manning’s coefficient and microtopography, the lower the runoff peak and runoff

volume are.

For spatially variable hydraulic conductivity, the standard deviation of surface

runoff increases with time for the first half of the storm, then begins to decrease after the

inflection point of the mean surface discharge hydrograph is reached. After the rainfall

ceases at 900 sec, the variability of runoff decreases rapidly. For spatially variable

Manning’s coefficient, the standard deviation of surface runoff increases with time until

midway through the storm ( i.e. at the inflection point of the rising limb of the mean

hydrograph) when the runoff variability begins to decrease. After the rainfall ceases, the

variability of runoff starts to increase again. Variability is maximum at the inflection

point of the recession limb of the mean hydrograph then decreases as all surface runoff

leaves the domain. For spatially variable microtopography, the standard deviation of

surface runoff increases with time until a short time after the rainfall stops, then the

standard deviation of surface runoff begins to decrease.

With increasing variation in hydraulic conductivity, the mean water depth

increases and is higher than the water depth for the uniform field, especially for earlier

times. As time increases, the difference in water depth between the ensemble mean fields

and uniform field decreases. For random Manning’s coefficient, as time increases the

difference in water depth between the mean field and uniform field increases. For

spatially random microtopography, as time increases the difference in water depth

between the ensemble mean fields and uniform field decreases.



CHAPTER 6

APPROXIMATE ANALYTICAL STOCHASTIC ANALYSIS OF COUPLED
OVERLAND AND VADOSE ZONE FLOW

6.1. Introduction

Natural watersheds display spatial variability in topography, surface roughness,

and soil infiltration capacity. The variability of those soil characteristics has significant

impact on surface runoff in both peak flow rate and total volume, as well as the accuracy

with which models are able to predict these quantities. The investigation of such spatial

variability has been conducted using numerical Monte Carlo techniques to study the

mean and variance of hydrologic outputs resulting from variability of input parameters,

and by deriving approximate analytic expressions to predict the effects of variability of

input parameters on the output variables. The Monte Carlo approach is in some ways a

problem-specific blackbox approach and is often plagued by intensive computational

demands, especially for highly non-linear systems. On the other hand the analytical

approach has the advantage of facilitating the explicit analysis of output responses to

input changes, and is computationally efficient, although it does require introducing some

limiting assumptions.

Numerical techniques have been used to calculate prediction uncertainty of

surface runoff. Smith and Hebbert (1979) examined the effects ofrandom distribution of

infiltration characteristics on the hydrologic performance of catchment areas. Freeze

(1980) investigated the influence of spatial stochastic properties of hillslope parameters

on the statistical properties of runoff events. Woolhiser and Goodrich (1988) studied the

121
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influence of spatial variations of saturated hydraulic conductivity on the surface runoff

for different storm intensities. Zhang and Cundy (1989) studied the effects of spatially

varied roughness, infiltration and microtopography on the variability of surface runoff.

Julien and Moglen (1990) examined the spatially uncorrelated variability in slope,

roughness, width and excess rainfall on a one-dimensional runoff plane. Saghafian et al.

(1995) examined the variability in Hortonian surface runoff discharge rate and volume

produced by stationary rainstorms on watersheds with spatially distributed soil saturated

hydraulic conductivity. Woolhiser et al. (1996) studied the effects of spatial variability of

saturated hydraulic conductivity on Hortonian overland flow. Merz and Plate (1997)

investigated the effects of spatial variability of infiltration parameters and initial soil

moisture on the rainfall runoff process using a quasi-three-dimensional, process-oriented

model SAKE / FGM. Seguis et al. (2002) investigated the impact on Hortonian runoff of

stochastic and elevation-related spatial distributions of soil parameters.

While approximate analytical stochastic analysis has found many applications in

saturated flow (e.g., Mizell et al., 1982; Graham and McLaughlin, 1989; Rubin, 1990;

Gelhar, 1993; Zhang, 1998; Osnes, 1998), unsaturated flow (e.g., Dagan and Bresler,

1983; Bresler and Dagan, 1983; Hopmans et al., 1988; Mantoglou, 1992; Tartakovsky et

al. 1999; Foussereau et al., 2000) and solute transport (e.g., Dagan, 1984, 1989; Li and

Graham, 1998; Hassan, 2001), its applications on surface flow are scarce. Horritt (2002)

used an approximate perturbation approach to investigate the effects of topographic

uncertainty on shallow water flow. They found that the second order perturbation terms

are significant in predicting nonlinear effects such as the shift in the mean water depth

and an increase in the variance of water depth.
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Heterogeneity in soil properties has posed a problem for distributed numerical

models since their early applications. Distributed numerical models require a lot of input

data, most of which can not be measured because of factors such as time, labor, money

etc., so it is necessary to find a way to estimate those data. Usually data are measured at a

scale that is much smaller than the numerical model scale so it is important to find

effective parameter values for the larger-scale numerical models that acknowledge the

variability of data measured at a smaller scale. Especially for lumped models, it is a

challenge to find accurate physically based effective parameter values.

Approximate analytical stochastic analysis has been successfully applied to derive

effective values of soil properties for upscaling saturated flow through heterogeneous

fields. For the case of a stationary lognormal hydraulic conductivity distribution with

isotropic autocovariance, a geometric mean ofKg ,
and a variance of Of, Gutjhar et al.

(1978) found that the effective hydraulic conductivity was the harmonic mean for one

dimensional saturated flow, the geometric mean (K
g)

for two dimensional saturated flow

and Kg(l+Of
2
16) for three-dimensional saturated flow.

Dagan and Bresler (1983) and Bresler and Dagan (1983) demonstrated that the

effective hydraulic conductivity may be meaningful for unsaturated flow only under very

restricted and special conditions such as steady gravitational flow. They concluded that

effective hydraulic conductivity does not exist in the general case of infiltration

redistribution.

Dagan (1982) found that the effective conductivity for unsteady groundwater flow

is time dependent. Studies by El-Kadi and Brutsaert (1985) complement this conclusion.

Also, El-Kadi and Brutsaert (1985) found that the effective parameters depend on both
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the distribution of the hydraulic conductivity and its spatial correlation. Thus in

evaluating the effective conductivity for a subsurface heterogeneous media, both the

nature of the spatial heterogeneities in hydraulic conductivity and the flow system

operating within the flow domain must be considered.

Dykaar and Kitanidis (1992a, 1992b) introduced a numerical spectral method to

compute the effective conductivity of a three-dimensional, isotropic, stationary,

lognormally distributed hydraulic conductivity field. They found that for three-

dimensional flow the effective hydraulic conductivity was Kg exp(a f

2
/6) and for a

Gaussian covariance function, heterogeneities smaller than about 1.3 integral scales did

not significantly contribute to the effective conductivity. In two dimensions, effective

conductivity was found to be close to the geometric mean, and the effective conductivity

was insensitive to heterogeneities less than 2 integral scales in size.

Using the results of a fully three-dimensional model of variably saturated flow on

a heterogeneous hillslope, Binley et al. (1989) found that effective parameters for

saturated hydraulic conductivity reasonably reproduced the hillslope hydrograph for

high-permeability soils, while single effective parameters failed to reproduce both

subsurface and surface flow responses for low permeability soils.

In this chapter, we will present an analytical model based on stochastic

perturbation techniques for the examination of the effects of spatial variability of land

surface elevation, surface roughness, and hydraulic conductivity on surface runoff. Based

on this model, we will derive the effective parameter values for hydraulic conductivity,

Manning’s coefficient and surface elevation, as well as expressions for the prediction

uncertainty for water depth and runoff volumes.



125

6.2 A Stochastic Analytical Model for Predicting Surface Runoff Uncertainty

For convenience, we rewrite the continuity equation and the momentum equation

for a two-dimensional diffusion wave overland flow model,

8h 5(w,./z)
.— + ' =i-

f

dt dx-
(6

- 1 )

(6 -2)

where i is the rainfall rate [L/T]; f is the infiltration rate[L/T]; h is the water depth[L];

Sfxi is the friction slope[—]; z is the surface elevation [L]; Uj is the flow velocity in i (x or

y) direction [L/T]; g is the gravitational acceleration [9.81m/s ].

The velocity Uj can be expressed as a function of Manning’s coefficient, water

depth and surface slope,

U
i

=
h
2nS^

(6-3)

For simplification, the infiltration rate is calculated by the Green-Ampt equation.

Thus overland flow and unsaturated flow are uncoupled, and no iterations are necessary

to determine the infiltration rate.

f = K
s

1 + -

H
f
+h

-M, (6-4)

where F is the accumulated infiltration [L]; Ks is the saturated hydraulic conductivity of

soil [L/T]; Hf is the capillary pressure at the wetting front [L]; Ma is the soil moisture

deficit, with Md -9e
- 9

; ; 9i
is the initial moisture content; 9

e
is the effective porosity

with 9
e
= 9

s
-9

r \

9

S
is the saturated soil moisture content; 9

r
is the residual moisture

content. It should be noted that the Green-Ampt equation requires several restricting
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assumptions such as an abrupt wetting front, saturated soil behind the wetting front,

constant saturated hydraulic conductivity with depth, no significant entrapped air and no

significant surface sealing.

Combining Equations 6-1 through 6-4 we obtain

dh d

dt dx:
i

= i-K

.

1 +
H

f
+h

F
-M a (6-5)

From Equation 6-2 we have

d(h + z)

Sfxi
~

dx.
(6

-6)

When any of the three parameters, saturated hydraulic conductivity, surface

elevation and Manning’s coefficient, is regarded as a spatial stochastic process, Equation

6-5 becomes a stochastic differential equation in which friction slope S
fxi

and the

solution h will also become stochastic processes. If we assume that the random processes

can be written in terms of their mean and a zero-mean perturbation, our goal is to find the

perturbation of water depth resulting from the small perturbation of Manning’s

coefficient, microtopography or saturated hydraulic conductivity. Specifically we are

interested in finding the variations of water depth expressed in terms of the variations of

hydraulic conductivity, Manning’s coefficient or microtopography.

We assume that the Manning’s coefficient and saturated hydraulic conductivity

have stationary log normal distribution, while microtopography has stationary normal

distribution, The random processes of n, Ks and z are written in terms of their expected

value, or mean, plus a zero-mean perturbation, as

In K
S
=K,+ Kj £[lnK

S ]
= K, E[K

\ ]
= 0

,



127

In n = n, + n', £[ln n\ = n, E[n
\ ]
= 0

,

(6-7)

z = z + z' E[z] = z E[z'] = 0

where AT, , 7C' are the mean and perturbation of log saturated hydraulic conductivity

respectively; n,, n, are the mean and perturbation of log Manning’s coefficient

respectively; z
,
z' are the mean and perturbation of surface elevation respectively.

Water depth can also be expressed as a mean and zero-mean perturbation

h = h+h' (6-8)

where h and h! are the mean and zero-mean perturbation of water depth, respectively.

For linearization 1/n, and Ks are expanded in Taylor-series.

- = exp[-(«, + n')] = exp(-/7
; )

* exp(-n
/
') = n

g
exp(-«,') * n

g (1
- n\)

n

K
s
= exp(^ + kj) = exp(k, )

* exp(^') = K exp{k\) * K (1 + k’)

(6-9)

where ng
is the geometric mean of Manning’s coefficient, and K

g
is the geometric mean

of saturated hydraulic conductivity.

S^
2
can be expressed in the following form

-rl/2

V*

d{h + z )

dx

d(h + h' + z + z)

dx

, 1/2 / . ,
\ 1/2

' d(h +z')/dx '

7

(6
- 10)

otz

where Sn = is the mean land surface slope.
0

dx

In Equation 6-10, — is assumed to be zero, i.e. h is spatially independent, which
dx

is implied in Equation 6-8. This assumption is important because it greatly simplifies the

analytic derivations. This assumption should be reasonable in large domains away from

non-stationary boundary conditions, such as free outflow boundaries.
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Expanding S\
2

in Equation 6-10 in Taylor-series expansion gives,

s'T - -F
^ d(h' + z')/dx^

2 S,

+ -

dz'

o y 2js~
0 V dx dx

Expanding h
5/3

in Taylor-series gives,

h
5 ' 3 * h

5n
+ -h 2n

(h -h) = h
5/3 + -h 2,3

h'

3 3

Substituting Equations 6-9, 6-1 1 and 6-12 into Equation 6-5 we have,

d(h + h ') d

dt dx.

= i-K
g (

1 +0

p'3 +-h 2n
h

'

2^o

/ \ 'X'Nr
dh' dz’"

1

K
dx, dx

t jjj

H
f
+h+h'

1 +-^— M,

(6
- 11 )

(6
- 12 )

(6-13)

Collecting mean and perturbation terms and neglecting second order products of

perturbations gives the first-order mean and perturbation equations for h and h '

,

respectively.

dh d
1

dt dx:

= i-K n

r H
f
+h A

] + -L Md
V g V

F
(6-14)

y

dh'
j

d

dt dx,

= -kk;

dh' dz
+

\dx
t

dx,
j

Fa 5/3

3n
-n,

g
n
g

H f +h
A

1 + f

F

K M.—

—

-h’

(6-15)

y

Equation 6-14 has a form very similar to Equation 6-5. This equation indicates

that the first-order mean water depth can be found by solving Equation 6-5 using the

mean slope and geometric means of Manning’s coefficient and hydraulic conductivity.

After linearization, Equation 6-15 includes only four unknowns, n\, z '
,
K\ and h'

,

and

some constant coefficients.
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From Equation 6-15, covariance equations can be derived for the water depth, and

the cross-covariance between head, land surface elevation, hydraulic conductivity and

Manning’s coefficient. Pre-multiplying Equation 6-15 by surface elevation

perturbation z (V) , bringing this perturbation inside derivatives with respect to x and t,

and taking the expected value gives the governing equation for P
zh
(x',x,t ) ,

which is the

cross-covariance function between elevation and water depth,

8P.
h
(x',x,t)

|

d

dt 5x,

h
5/3 f

2n
g\fc

dP
:h
(x',x,t)

+
dP

z:
(x',x,t)

V
dx

,

dx.
i J

5jsjp

3n
-P

!h
(x',x,t)- -P

zn
(x',x,t)

= -K

P

zK (x',x,t)
H,+h N

1 +^—-Md

\

K M,
-^-P

zh
(x',x,t) (6-16)

/

where P_,(x',x,t) is the auto-covariance of surface elevation; P
zh
(x',x,t) is the cross-

covariance function between surface elevation and water depth; P
zn
(x',x,t) is the cross-

covariance function between surface elevation and the log Manning’s coefficient and

PzK (x',x,t) is the cross-covariance function between surface elevation and the log

hydraulic conductivity.

Pre-multiplying Equation 6-15 by Manning’s coefficient perturbation n,(x')

,

bringing this perturbation inside derivatives with respect to x and t, and taking the

expected value gives the governing equation for P
nh
(x',x,t) ,

which is the cross-

covariance function between Manning’s coefficient and water depth,

dP
nh (x',x,t) 8 h

5
dP„h (x',x,t) 8Pm {x',x,t)

dt 2ngyfs~oy

= -K
g
P
nK (X '’ X

’0

dx
j

(

dx.
i / 3n„

-Pnh (x',x,t)-
Js~0 h

5/3

-Pnn (x',x,t)

1 +-
H

f
+hT \ KM

8 d
^(x',x,0 (6-17)
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where P
nn
(x',x,t ) is the auto-covariance of log Manning’s coefficient; P

nh
(x',x,t) is the

cross-covariance function between log Manning’s coefficient and water depth;

PnT (x',x,t ) is the cross-covariance function between log Manning’s coefficient and

surface elevation and PnK (x',x,t ) is the cross-covariance function between log

Manning’s coefficient and log hydraulic conductivity.

Pre-multiplying Equation 6-15 by log hydraulic conductivity perturbation K',(x')

,

bringing this perturbation inside derivatives with respect to x and t, and taking the

expected value gives the governing equation for PKh (x',x,t)

,

which is the cross-

covariance function between log hydraulic conductivity and water depth,

dPKh (x',x,t)
|

8

8t dx,
V

2"
g y[s~o\

SPKh (x\ x, t)

+
dPK: (x’,x,t)

dx. dx
,

,

5Js~0 h
2n

,
Mb 5"

, „PKh (x',x,t)-±Jl PKn {x\x,t)
i y

3n„

= -K
g
PKK (x',x,t) 1 + -

H
f + h

F
(6-18)

where PKK (x',x,t) is the auto-covariance of log hydraulic conductivity; PKh (x',x,t) is the

cross-covariance function between log hydraulic conductivity and water depth;

PKz (x',x,t) is the cross-covariance function between log hydraulic conductivity and

surface elevation and PKn (x',x,t) is the cross-covariance function between log hydraulic

conductivity and log Manning’s coefficient.

Post -multiplying Equation 6-15 expressed in x by water depth perturbation

h\x) ,
bringing this perturbation inside derivatives with respect to x’ and t, and taking the

expected value give the governing equation for P
hh
(x',x,t)

,
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8Phh {x',x,

dt

where P
hh

(x',x,t) is the auto-covariance of water depth; P
zh
(x',x,t) is the cross-

covariance function between surface elevation and water depth; and P
nh
(x',x,t) is the

cross-covariance function between log Manning’s coefficient and water depth,

PKh (x',x,t) is the cross-covariance function between log hydraulic conductivity and

water depth.

Equations 6-15 through 6-19 are four coupled partial differential equations that

resemble the original two-dimensional wave Equation 6-1. Generally, these equations

must be solved numerically. Once these covariance equations have been solved, then

higher-order corrections to the mean water depth can be determined. In Equation 6-16,

the cross-covariance P
zh
(x',x,t) between the topography and the surface water depth is

the unknown. This cross-covariance depends on P
zz
(x',x,t), P

zn
(x',x,t ) and PTK (x',x,t),

which must be specified before solution can be obtained. In Equation 6-17, the cross-

covariance P
nh
(x',x,t) between the Manning’s coefficient and the surface water depth is

the unknown, and is dependent on P
nn
(x',x,t) ,

P
nz
{x',x,t) and PnK (x',x,t)

,
which must

be specified a priori. In Equation 6-18, the cross-covariance PKh (x',x,t) between the

hydraulic conductivity and the surface water depth is the unknown, while PKK (x’,x,t)

,

P
Kz

(x',x,t ) and PKn (x',x,t) are the required inputs. In Equation 6-19, the auto-covariance

P
hh
(x',x,t) is the unknown while P

zh
(x',x,t), P

nh
(x',x,t) and PKh (x',x,t) ,

which are the

solutions to Equations 6-16, 6-17 and 6-18, are the required inputs.
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6.3 Solution of Covariance Equations for the Steady-State 1-D Stationary Case

6.3.1 Water Depth Variance

In general, covariance Equations 6-16 through 6-19 must be solved numerically.

However, in special cases, approximate analytical solutions can be found. In this section,

we will derive approximate analytical solutions by introducing several assumptions. Ifwe

assume the runoff process has reached steady state and cumulative infiltration is large,

then we can neglect transient terms in Equations 6-16 through 6-19. Ifwe assume that the

perturbations of hydraulic conductivity, Manning’s coefficient and microtopography are

not correlated with each other, then the cross-covariance terms, P
2n
(x',x,t) , P^K (x',x,t )

,

P
nz
(x',x,t) ,

PnK (x',x,t ) , PKz (x',x,t) andPKn (x',x,t) ,
in Equations 6-16 through 6-19 are

all equal to zero. Ifwe assume that the input and output fields are spatially stationary, i.e.

S
0 ,

h
, n

g
and K

g
are constant in space, then all the coefficients in Equations 6-16

through 6-19 are constant. As a result of these assumptions no nonlinear terms exist in

Equation 6-15 and all coefficients are spatially constant. Thus it is suitable for solution

using Fourier transform techniques.

Taking into account all the assumptions we have discussed, Equations 6-16

through 6-19 can be rewritten in £ ,
where C, =x-x ,

and therefore dx = and

dx' = -dC .

(6
-20)

(6
-21 )
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pn ?r
Kh i()

|

sjr
0
f2n

3n dt;AA K
-k/kk^

(6-22)

*
5/3 &+<£) pt 3 s\

hiO ^zn
9P
hh(o J 0̂

Pn SP
nh(O _ (6-23)

+ = -K P AQ)
2n
g fio

8C
2 2n

g V^o
d£

2 3n
g

8£
“
8

‘

Kh
g

Using Fourier transform techniques, differential Equations 6-20 through 6-23 for

the auto- and cross- covariance functions can be transformed to algebraic relationships

for the auto- and cross- spectra functions.

h
513

2 h
513

2 ^/V
2/3

gV o gg'J 0

(6-24)

^5/3 5 Sn hh
(-iK)

2S (*)+I01
2/7 ./sT 3«

2/3
'S„/7

5/3

do g

<-iK)S
nh
(K)-

n
-(-iK)S (AT) = 0

(6-25)

^5/3 2 W=(-iK)2
S„. (iC) + -sJL_

2/i .ST ^ 3„

2/3

do g

-(-iK)S
Kh

(K) = -K
g
SKK (K)

(6-26)

^5/3 2HK)2 S
zh

(K)-
2« JS-
gV 0

/i
5/3 5. 5„//

2/3

2/, IS*-*?
8'*™*do

5„/7
5/3

(6-27)

where is the wave number and (A")
, S22

(K)
, Snn

(K)
,
SKK (K) , S2h

(K ) , Snh
(K)

,

Skh(K ) are the spectra of P
ik (£), Pz (£), Pnn{Q, PKK (0, P

h (£), P
nh {Q and

PKh (£) respectively.

From Equations 6-24 through 6-27 we get

(6-28)

iK +
3h
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2Sn
S
nh

l
'
k '

>

1 OX "tin
S(k)

iK + 0

3/j

2
x
[sln /h 5/i K S (k)

c V 0 g g
khW ~

105„

(6-29)

(6-30)

iK + 0
iK

2>h

pn>

su,W-jL±J-

2 «n
K S^Ak)

r5/3V °S ,(k) +-g ^
nh

y

g
iK (6-31)

o g g

Substituting Equations 6-28 to 6-30 into Equation 6-31,

$«(*) = -

K 2

3 /i

:$„(*)+-
(250 )

2

r+ |10^
3 h

-S
nAk) +

(2^n
g
K

g
/h

il3

J

K K 2
+\

3 h

S,Ak)
(6-32)

To solve Equations 6-28 to 6-31, we assume an exponential auto-covariance

function for both log n and z. To produce a finite stationary water depth process, we are

required to introduce a hole-type function for log K. The hole-type function for log K has

been used by Gelhar et al. (1993) to obtain reasonable solutions in other hydrologic

analyses. Thus the auto-covariance functions of log n, z and log K can be written as:

PJZ) = a 2

z
e-
Wx-

/ I

Prk(O — °\
,2

In a:

krf

(6-33)

(6-34)

(6-35)

V K J

where A
z ,

A
n
and lK are correlation scales and a]

, and a]nK are the variances of

z, n and Ks respectively.
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The auto-spectrum for surface elevation z, Manning’s coefficient n and hydraulic

conductivity K corresponding to these auto-covariance functions are,

a 2ASM =
n (l +A> 2

)

Snn {k) =-^K
n(\ + Alk

2

)

^ 2 1 3 i 2

^•(l+/^ 2

)

2

(6-36)

(6-37)

(6-38)

Substituting Equations 6-36 to 6-38 into Equation 6-32, the auto-spectrum ofh is

^hh (k ) —

+
(2JS^K'W)

1

2g|L;;

a:
2

+^SJ 7r
(
x+lK

2
k

2

)

The variance of h can be derived by integrating Equation 6-39,

(6-39)

(6-40)

Equation 6-40 indicates that the total variance of h is the linear addition of

variance terms resulting from random processes of elevation, Manning’s coefficient and

hydraulic conductivity. This result is based on the linearization of the original governing

equation and the assumption that elevation, Manning’s coefficient and hydraulic

conductivity are uncorrelated.
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10 S
Ifwe let A = --^-, then the first term on the right side of Equation 6-40, which

3 n

calculates uncertainty in predicting water depth resulting from spatial variability of

surface topography, can be expressed

K 2

<>:=£
'^K' + A 2

1 + AJL,

This result is identical to Expression 9 in Horritt (2002), who derived this

expression for a steady-state diffusion wave shallow water flow using a power series

expansion technique. According to Equation 6-41 the variation in water depth decreases

as mean surface slope and correlation scale of surface elevation A
z
increase, and as the

variation of surface topography cr] and mean water depth h decrease.

•tV
- .& - (6-41)

If AA
Z « 1

,
which occurs when water depth (expressed in the same unit as

correlation scale) is much greater than mean surface slope, then o 2 = <7
2

. If AA »

1

(which occurs when water depth is very shallow), then 0
1 _
* AA

Z

For the second term on the right side of Equation 6-40, which calculates

uncertainty in predicting water depth resulting from spatial variability of Manning’s

coefficient,

O 2 = r TOn n^n jy _ A
n ^ \2 2

t*K 2 +A 2
x(\ + A

n

2
k

2

f A(l + AA
ny °'

(6-42)

Equation 6 42 tells us that the variation of water depth increases as mean surface

slope, correlation scale of Manning’s coefficient, mean water depth and the variation of

Manning’s coefficient increase.
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If AA
n » 1 , then o

2 - 2Sn

\ n /

r3h^
2

v5y
al n

,
which is independent of A

n
.

For the third term on the right side of Equation 6-40, which calculates uncertainty

in predicting water depth resulting from spatial variability of hydraulic conductivity,

h
J-00 k' 2

-L A 2 /

*

.
'
~^dK = - — 1k + 2 2¥>n.K

g 2 ,3 (6-43)

Equation 6-43 tells us the variation of water depth increases as the geometric mean of

Manning’s coefficient, geometric mean of hydraulic conductivity and the correlation

scale of hydraulic conductivity increase, and as the mean water depth and mean surface

slope decrease. If AAK » 2 , then
'3 -,K,

V
1
2

k <jI k ,
which is a function the

.5A",/V

geometric mean of Manning’s coefficient, surface slope, hydraulic conductivity, mean

water depth, and the standard deviation and correlation scale of hydraulic conductivity.

6.3.2 Surface Water Discharge Variance

The covariance function of surface water discharge from the downstream

boundary can be derived from the downstream boundary condition,

q = 4gh
vl

(6-44)

Expressing q and h as the sum of a mean and a perturbation, and expanding h
3/2

in

a first order Taylor-series lead to,

q+q' = y[g(h
V2 +^h U2

h') (6-45)

where q and q are the mean and perturbation of water flux respectively, and h and ti

are the mean and perturbation of water depth respectively.
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Collecting mean and perturbation terms gives the first-order mean and

perturbation equations for q and q' respectively.

q=fgh'
n

(6-46)

«' = !
•Jgi’h' (6-47)

The covariance function of water flux can be obtained by pre-multiplying

Equation 6-47 by a perturbation in q'(x')
. Expressing ^ = x - x

,
and taking the expected

value give

?„({) = \4ghP,„(0 (6-48)

The cross-covariance function between surface water discharge and water depth

can be obtained by post-multiplying Equation 6-47 expressed in x' by water depth a

perturbation h'(x) ,
and taking the expected value.

^<0 = 1
JghPM (6-49)

Substituting Equation 6-49 into Equation 6-48 gives,

PJC) = ^ghPhh(0 (6-50)

So the variance of water flux can be expressed as a function of the variance of

water depth by setting C, equal to 0 in Equation 6-50,

(6-51)

6.4 Deriving the Effective Parameters for the Steady State 1-D Stationary Case

Based on the stochastic model developed in the last section, the effective

parameter values for Manning’s coefficient, hydraulic conductivity and surface slope can
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be derived using the cross-covariance between Manning’s coefficient and water depth,

hydraulic conductivity and water depth, and surface slope and water depth to evaluate the

second order correction terms to the mean equations.

6.4.1. Effective Manning’s coefficient

From Manning’s equation, flow rate can be expressed as

h
5n
S l"

<1
= — (6-52)

n

Expanding h and 1/n in a Taylor-series, neglecting higher order terms, assuming

S
fx

is deterministic, and taking the expected value gives

E[q\ = E (h >« +
1

+ 1* -

)s^„-‘o - +

=Sl\'E ,

5
r2/3;v 5 T2/3 ,

5 T-h -h n\ + -— n, +-h 22
ti --h 2/3

h'n\ + - h~
m

h'
2

(6-53)

Recalling that E[h'] = E[n
',]
= 0

,
P
nh (0) = E[n\{x)h\x)\

,

a\
~ Pnnity = and cr

2 = P
hh (0) = E[h'(x)h'(x)\ , then Equation 6-53 can be

simplified to,

f
5 „ _ 1

3h
n~
g

l

h
5/3
S'" (6-54)

The cross-covariance between the Manning’s coefficient and water depth can be

obtained by substituting Equation 6-37 into Equation 6-29 and performing the inverse

Fourier transform,

D rr\\ _ r 2*0 JI
cr,

. n In n
+ AA.

(6-55)

If AA
n » 1 , then
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uoAi
A

(6-56)

Substituting Equation 6-56 and the expression for A into Equation 6-54 gives

E[q] =
1 1 A _ ( T

1 —.2
,

^ —.2
,

^ 2 -1, 5/3 c l/2 _ , „'

^lnn ~ ^lnn ^lnn \^g ” ^

10
lnw n-'h^S^ (6-57)

h
sl3
SV2

Assuming the effective flux qe
= E[q

]
= and «

e
= n

g + n
c ,
where rie is the

effective Manning’s coefficient, and nc is the correction term to Manning’s coefficient,

n
c =

3cr,
In /;

10-3<7 2

n
*

(6-58)

Equation 6-58 is only valid when cr,
2

nn is less than 10/3. This condition should be

satisfied for physically reasonable situations. Equation 6-58 indicates that as the

variability in Manning’s coefficient increases, the effective value of Manning’s

coefficient increases.

6.4.2 Effective Surface Slope

According to the kinematic assumption for overland flow, the friction slope Sf can

be approximated as S0 . It has been shown that only for very flat (S0<0.002) or very steep

(So>0.10) slopes is the kinematic assumption violated (Munoz-Carpena et al., 1993).

Therefore, invoking this assumption, expressing S
0
=S

0
+ S' and expanding S'^ in

Taylor-series,

s'ft*(sor={s0+ s')
V2

*Js~0 x |

S' S'
2 '\

2Sn 8S0

2

;

S
0 +

S'

857
(6-59)

Assuming n is deterministic, substituting Equation 6-59 and the Taylor-series expansion

for h into Equation 6-52 and taking expectations gives,
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E[q\ = E cft”
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Following the similar procedures used to derive ne ,
we have

2 A
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5^(0)
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85
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(6-61)

P
Sh (0) ,

cr
2
and P

hh (0) can be obtained from P
sh
(£) and />

A (^) (see Appendix D

for details)

P
Sh (0)

=-^L (7Sh
105„

'
(6-62)

P
hh (0)

=
' 3/2

V

v
105oy

0V (6-63)

^(0) = ^=^- (6-64)

Substituting Equations 6-62 and 6-63 into Equation 6-61 gives

m=-
h \S.

5/3 /c f

1
_ 13 (JS

2 \

405
o

2

j

(6-65)

Ifwe write So as S0 and a correction term Sc ,
then,

( c \

s'
0

l2 =(s
0
+sc )

V2

*Js~0 l+-f =7^
V 2^0 y 2^

(6
-66)

From Equations 6-64 through 6-66, we can get S c

^
13 _ 13a;

c “
205

0
" 205

0
A 2 (6-67)

With the same microtopography variability, the higher the mean slope (50 ), the

less impact the microtopography variation has on surface runoff, thus less slope
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correction is needed and S c decreases. Equation 6-48 tells us that when the variability of

microtopography increases, the effective value of surface slope decreases.

6.4.3 Effective Hydraulic Conductivity

For convenience, we rewrite the Green-Ampt Equation 6-4 here

f = K
s

1 +-
H

f
+h

-M,
(6

-68 )

Expanding Ks and h into the sum of mean and perturbation terms as before, and

taking expectations give

E[f] = E (*,(i +k;) i+-
H

f
+h +h'

-M,

v
= K

g

V

H
f
+h ^

\ +^~ -M, + (6-69)

/

The correction term, IQ, for K can be expressed as

K,

f H
f
+h '

1 +—

^

v
F

-M, = Kn , (6-70)

The cross-covariance between water depth and saturated hydraulic conductivity

can be obtained by substituting Equation 6-38 into Equation 6-30 and performing the

inverse Fourier transformation,

P (O')
_ f”

2^0 n
g
K

g 2cr
inK^K 24^0 n

g
K

g 2 ({i'll)“()_L x(lK+A) 4 + 4k ,y
dK ~-

*.»
(^ + ,)>'-* (671)

Substituting Equation 6-71 into 6-70, the expression for IQ can be written as

K„M,
Kc =

F +(H r
+h)M

d

Pn =-
F +{Hf +h)Md h

5,3
(AAk + 1)

2
u \nK

(6-72)

From Equation 6-72, it is evident that when F, h and Hf increase, IQ decreases.

When F, i.e. the cumulative infiltration, and h increase, from Equation 6-43 we know that

the standard deviation of water depth decreases, so less K correction is needed. The
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infiltration rate is determined by both geometric mean hydraulic conductivity, Ks ,
and

capillary pressure at the wetting front H f, so when H t increases, for an equal infiltration

rate, the contribution to infiltration by Ks decreases, so IQ decreases. IfMd increases, then

for the same time of infiltration, F decreases, so IQ increases.

From Equations 6-58, 6-67 and 6-72, it is apparent that the corrections for

Manning’s coefficient and surface slope remain constant over time, while the correction

to the hydraulic conductivity is a function of water depth which varies over time. When

cumulative infiltration increases, the correction decreases until it is close to zero when F

approaches infinity.

6.5 Verification of Analytical Models for Predicting Surface Runoff Uncertainties

The results from examples in Chapter 5 are used to verify the analytical solutions.

The variability of surface runoff was obtained separately for random hydraulic

conductivity, Manning’s coefficient and surface elevation Monte Carlo simulations with

different levels of input variability. For verification, the standard deviation of water depth

along the centerline between downstream and upstream is evaluated.

6.5.1 Comparison of Monte Carlo with Analytical Results for Spatially Variable

Hydraulic Conductivity

As stated in chapter 5, random fields of hydraulic conductivity with lognormal

standard deviations of 0.5, 0.65, 0.8, 1.1 and 1.5 were chosen for the Monte Carlo

simulations. The water depth standard deviations from the Monte Carlo simulations are

compared with analytical results obtained using Equation 6-43. In the Monte Carlo

simulations, random fields were generated by using the turning bands algorithm. For the

spatially variable hydraulic conductivity, the turning bands algorithm generated random

fields based on the exponential covariance function with a correlation scale A,, while in
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our analytical model the hole-type covariance function of hydraulic conductivity was

used. So the correlation parameter of hole-type covariance function, le , must be adjusted

to fit the exponential function used to generate the data. Gelhar (1993) recommended

selecting le based on the fit of the functions at the separation for which the correlation for

both functions decreases to the e'
1

level. This requires that le = 2.3 \*X. Figure 6-1

compares the correlation curve from the hole-type function with le = 2.3 \*X with

correlation curves from data generated by the turning bands algorithm and the

exponential function. After adjusting the correlation scale, the hole-type function shows

good agreement with both exponential function and the data, especially for lag distances

less than 4 m. So in our analytical model we use le =2.3 1 *4 m = 9.24 m as an effective

correlation scale for the hole type function for spatially variable hydraulic conductivity.

Although the stochastic analytical model assumes steady-state flow in an infinite

domain, it is worthwhile to compare the results from the Monte Carlo simulations and the

analytical model to evaluate the importance of these assumptions. Figures 6-2 through 6-

6 show the standard deviations along the centerline from downstream to upstream

obtained from Monte Carlo simulations and the analytical model developed in this study.

For all five cases, the analytical model predicts the Monte Carlo standard

deviation well within about 1 5 m of the downstream boundary but not as accurately for

the upstream. This is likely due to the shallow water depth near the upstream boundary

which causes the standard deviation prediction from the analytical model using Equation

6-43 to be very high, contrasting to the relatively low standard deviation from the Monte

Carlo simulations. Furthermore, the low standard deviations calculated by the Monte

Carlo simulations near the upstream boundary may be caused in part by the no flux
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boundary conditions imposed there. Nevertheless, the results from the numerical model

show the same trend as the results from the Monte Carlo simulations, i.e., as the standard

deviation of heterogeneous hydraulic conductivity field increases the prediction

uncertainty of surface water depth increases.

Figure 6-1. Autocorrelation functions of hydraulic conductivity for the exponential

function, hole-type function and turning bands algorithm.

Figure 6-7 shows a comparison of standard deviation of water depth versus

standard deviation of log hydraulic conductivity for all cases. For the Monte Carlo

simulation, the standard deviation of water depth given in this figure is an average value

of the standard deviation of water depth for the middle domain, i.e. 10 to 30m. For the

analytical solution, the mean water depth required in Equation 6-43 was obtained using

geometric mean of hydraulic conductivity. For comparison, the average water depth from

the Monte Carlo simulation is also used for the calculation of runoff water depth standard

deviation. From Figure 6-7, we can see that results from both approaches are very close

and follow the same general trend as the Monte Carlo simulation results. The analytical

model, however, overestimates the standard deviation of water depth. It should be noted
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that several factors may cause the discrepancy of results between the Monte Carlo

simulations and the analytical model. Because of the high non-linearity of the governing

equations both for surface and unsaturated flow, it may not be enough to run just 200

Monte Carlo simulations to get the satisfactory statistics of the outputs, especially for

random fields with high variability. Furthermore, the analytical model was developed

based on a small perturbation assumption, as well as several additional assumptions such

as infinite domain, steady state flow, constant mean water depth and decoupled overland

and vadose zone flow. All these assumptions have the potential to introduce

discrepancies with results from the Monte Carlo simulation.

Figure 6-8 shows a comparison of standard deviations of discharge rate at 900

seconds obtained from Monte Carlo simulations and the analytical model given in

Equation 6-5 1 . The analytical model underestimated discharge uncertainty especially for

low saturated hydraulic conductivity standard deviation.

Figure 6-2. Standard deviation of water depth along the centerline between downstream
and upstream at 900 sec for a lognormal distributed stationary heterogeneous hydraulic

conductivity field with a log standard deviation of 0.5.
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Figure 6-3. Standard deviation of water depth along the centerline between downstream

to upstream at 900 sec for a lognormal distributed stationary heterogeneous hydraulic

conductivity field with a log standard deviation of 0.65.

Figure 6-4. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a lognormal distributed stationary heterogeneous hydraulic

conductivity field with a log standard deviation of 0.8.
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Figure 6-5. Standard deviation of water depth along the centerline between downstream

to upstream at 900 sec for a lognormal distributed stationary heterogeneous hydraulic

conductivity field with a log standard deviation of 1 . 1

.

Figure 6-6. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a lognormal distributed stationary heterogeneous hydraulic

conductivity field with a log standard deviation of 1 .5.
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Figure 6-7. Comparison of average standard deviation of water depth versus standard

deviation of log hydraulic conductivity at 900 sec between Monte Carlo simulations and
analytical model.

Figure 6-8. Comparison of average standard deviation of discharge rate versus standard

deviation of log hydraulic conductivity at 900 sec between Monte Carlo simulations and
analytical model.
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6.5.2 Comparison of Monte Carlo Results with Analytical Results for Spatially

Variable Manning’s coefficient

Heterogeneous Manning’s coefficient field with lognormal standard deviations of

0.5, 0.65,0.8,0.95 and 1.1 were chosen for Monte Carlo simulation. Figures 6-9 to 6-13

compare the standard deviations obtained from Monte Carlo simulations and the

analytical model along the centerline from downstream to upstream. For the analytical

solution, the average water depths from the Monte Carlo (MC) simulations, using

arithmetic mean, and the using effective parameter derived from the analytical model

(Equation 6-58) were each used for the calculation of standard deviation of water depth

using Equation 6-42.

From Figures 6-9 through 6-13 it is apparent that for all three cases, the analytical

model predicts the Monte Carlo results well for the entire domain, especially in the

upstream regions. Using the effective Manning’s coefficient to determine the mean head

gives results very close to the Monte Carlo simulations. Figure 6-14 gives a comparison

of the average standard deviation of water depth from the Monte Carlo simulation and the

average solution using both the effective parameter derived in Equation 6-58 and the

arithmetic mean Manning’s coefficient. The average standard deviations of water depth

were obtained by averaging the standard deviations of water depth for the center domain

from 10 m to 30 m. Again, using the effective parameter in the analytical model gives

better results compared with using the arithmetic mean of the Manning’s coefficient.

From Figure 6-14, we can see the analytical model slightly overestimates water

depth variability for all cases. The reason may be that the Monte Carlo results are based

on two-dimensional fields, while our analysis is based on a simplified one-dimensional

model. As Gelhar (1993) states ‘‘‘‘the higher variance predicted by the one-dimensional
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analysis demonstrates the importance offlow dimensionality when analyzing the effects

ofheterogeneity." For one dimensional flow, the flow is forced to pass through high

Manning’s coefficient zones, while for two dimensionally heterogeneous medium water

is able to move laterally around zones of high Manning’s coefficient. So, in two-

dimensional flow, the variability of surface runoff is less than that in one-dimensional

flow. The analytical model performs better when using the effective parameter derived

from the analytical model as the mean Manning’s coefficient value. When the variability

of Manning’s coefficient is low, the analytical model gives satisfactory predictions.

When the variability increases, the difference of water depth standard deviation between

the Monte Carlo simulations and analytical model increases, as expected, due to the small

perturbation assumption.

Figure 6-9. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a lognormal distributed stationary heterogeneous Manning’s

coefficient field with a log standard deviation of 0.5.
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Figure 6-10. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a lognormal distributed stationary heterogeneous Manning’s
coefficient field with a log standard deviation of 0.65.

Figure 6-11. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a lognormal distributed stationary heterogeneous Manning’s
coefficient field with a log standard deviation of 0.8.
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Figure 6-12. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a lognormal distributed stationary heterogeneous Manning’s
coefficient field with a log standard deviation of 0.95.

Figure 6-13. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a lognormal distributed stationary heterogeneous Manning’s
coefficient field with a log standard deviation of 1 . 1

.
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Figure 6-14. Comparison of average standard deviation of water depth versus standard

deviation of log Manning’s coefficient at 900 sec between Monte Carlo simulations and

analytical model using average water depth obtained using the effective and the

arithmetic mean Manning’s coefficient.

Figure 6-15. Comparison of average standard deviation of discharge rate versus standard

deviation of log Manning’s coefficient at 900 sec for Monte Carlo simulations and

analytical model.
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Figure 6-15 shows a comparison of the standard deviation of discharge rate versus

standard deviations of log Manning’s coefficient at 900 seconds for the Monte Carlo

simulations and the analytical model using both the arithmetic mean and effective

parameter value of Manning’s coefficient to obtain the mean head. Generally speaking,

the analytical model gave very good results. For standard deviation of log Manning’s

coefficient less than 0.9, the analytical model gave results very close to those of the

Monte Carlo simulations, although it slightly overestimated the uncertainty of the runoff

discharge rate. For standard deviation of log Manning’s coefficient greater than 0.9, the

analytical model underestimated the uncertainty of runoff discharge rate.

6.5.3 Comparison of Monte Carlo with Analytical Results for Spatially Variable
Microtopography

Heterogeneous land surface elevation field with standard deviation of 0.2, 0.3, 0.4

and 0.5 were chosen for the Monte Carlo simulations. Figure 6-16 to Figure 6-19 show

the standard deviations obtained from the Monte Carlo simulations and the analytical

model for the centerline of the domain from downstream to upstream. For the analytical

solution, the mean water depths from the Monte Carlo (MC) simulations and the

deterministic result using a uniform slope were used in the calculation of head standard

deviation using Equation 6-41. From Figures 6-16 through 6-19 we can see that for all

four cases, the analytical model significantly underestimated water depth uncertainty.

Figure 6-20 shows the water depth standard deviation versus the surface elevation

standard deviation for the Monte Carlo and analytic results. In this figure, the average

standard deviations of water depth were obtained by averaging the standard deviation of

water depth for the center domain from 10 to 30 m. Again, we can see the analytical

model significantly underestimates water depth uncertainty for all cases. As the
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variability of the land surface elevation increases, the difference between water depth

standard deviations from the Monte Carlo simulations and analytical model increases.

The reason may be that our analytical model only considers the first-order effects of land

surface variability. According to Horritt (2002), second order effects become important

when water depths are small. In our study, the average water depth is about 0.5 cm,

comparing to the water depth of more than 1 m in Horritt’s study (2002). So second order

effects are even more important in our study.

Figure 6-21 shows a comparison of standard deviations of discharge rate at 900

seconds obtained from the Monte Carlo simulations and the analytical model (Equation

6-5
1 ) using the Monte Carlo mean head and the mean head obtained from the uniform

microgopography. The analytical model significantly overestimates the uncertainty of

runoff discharge rate.

distance to dow nstream (m)

Figure 6-16. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a normal distributed stationary microtopography field with a

standard deviation of 0.2 cm.
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Figure 6-17. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a normal distributed stationary microtopography field with a

standard deviation of 0.3 cm.

Figure 6-18. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a normal distributed stationary microtopography field with a

standard deviation of 0.4 cm.
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Figure 6-19. Standard deviation of water depth along the centerline between downstream
to upstream at 900 sec for a normal distributed stationary microtopography field with a
standard deviation of 0.5 cm.

standard deviation of surface elevation (cm)

Figure 6-20. Comparison of average standard deviation of water depth at 900 sec

between Monte Carlo simulations and analytical model using average water depth for

different standard deviation of microtopography.
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Figure 6-21. Comparison of average standard deviation of discharge rate at 900 sec

between Monte Carlo simulations and analytical model versus standard deviation of
microtopography.

6.6 Verification of Analytical Model for Effective Parameter Value for Manning’s
Coefficient

In this section, the ability of the derived effective parameter values of Manning’s

coefficient to predict the mean runoff hydrograph obtained from the Monte Carlo

simulation is evaluated. In addition, the ability of the arithmetic mean, geometric mean,

or harmonic mean of the random field to reproduce the mean Monte Carlo runoff

hydrograph is examined.

6.6.1 Effective Parameter Value of Manning’s coefficient

The mean hydrograph from the Monte Carlo simulations and the hydrographs

from uniform fields using the effective parameter (ne) as well as the arithmetic (na),

geometric (ng) and harmonic (nh) mean respectively as input of Manning’s coefficient are

plotted in one graph for comparison.
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For a lognormal distributed random field with a geometric mean Xg and a

variance cr
2

x ,
its arithmetic mean Xa and harmonic mean Xh can be expressed as (Gelhar,

1993)

=^
g
exp(o-^/2) (6-57)

x„ =Xg
exp(-a 2

x /2) (6-58)

Figures 6-22 through 6-26 show the mean hydrograph from the Monte Carlo

simulations and hydrographs obtained from running the deterministic numerical model

developed in this study using the arithmetic mean, geometric mean, harmonic mean of

Manning’s coefficient, and effective Manning’s coefficient as input. Each figure shows

hydrographs corresponding to one of the five different degrees of variability employed in

the Monte Carlo simulations.

Time (sec)

Figure 6-22. Runoff hydrographs from Monte Carlo simulation for a standard deviation

of log n of 0.5 and the deterministic numerical model using the arithmetic mean,
harmonic mean, geometric mean and effective parameter value as the Manning’s
coefficient.
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Figure 6-23. Runoff hydrographs from Monte Carlo simulation for a standard deviation

of log n of 0.65 and the deterministic numerical model using the arithmetic mean,
harmonic mean, geometric mean and effective parameter value as the Manning’s
coefficient.

Figure 6-24. Runoff hydrographs from Monte Carlo simulation for a standard deviation

of log n of 0.8 and the deterministic numerical model using the arithmetic mean,
harmonic mean, geometric mean and effective parameter value as the Manning’s
coefficient.
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Figure 6-25. Runoff hydrographs from Monte Carlo simulation for a standard deviation

of log n of 0.95 and the deterministic numerical model using the arithmetic mean,
harmonic mean, geometric mean and effective parameter value as the Manning’s
coefficient.

Figure 6-26. Runoff hydrographs from Monte Carlo simulation for a standard deviation

of log n of 1.1 and the deterministic numerical model using the arithmetic mean,
harmonic mean, geometric mean and effective parameter value as the Manning’s
coefficient.
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Figures 6-22 through 6-26 show that the effective parameter derived from the

analytical model gives very good results. Using the effective parameter derived from the

analytical model overestimates surface runoff only when the log standard deviation of

Manning’s coefficient is close to 1.1. Among arithmetic, geometric and harmonic means,

using arithmetic mean gave the best results. Using the geometric or harmonic mean as

input for uniform field overestimated surface runoff especially for high variability of

Manning’s coefficient. While using arithmetic mean as input for the uniform field

slightly underestimated surface runoff.

Figure 6-27. Runoff volumes obtained from Monte Carlo simulations and the

deterministic numerical model using the arithmetic mean, harmonic mean, geometric
mean and effective parameter value as the Manning’s coefficient for spatially variable

Manning’s coefficient.

Figure 6-27 gives the mean total runoff volume (which is the area under the mean

hydrograph) versus log standard deviation of Manning’s coefficient for the Monte Carlo

simulation and the deterministic model using the arithmetic, harmonic, geometric means



164

and the effective Manning’s coefficient. Similar conclusions can be drawn by comparing

the total runoff volume from different approaches. The effective parameter predicts the

decrease in runoff volume with increasing variability of the Manning’s coefficient very

accurately.

6.6.2 Effective Parameter Value of Hydraulic Conductivity

For hydraulic conductivity, the correction factor determined from Equation 6-72

is very small because of small surface water depth, so no attempt was made to evaluate

effective parameter value based on Equation 6-72. However the runoff hydrographs

obtained from the arithmetic mean, geometric mean and harmonic mean were compared

to the mean runoff hydrograph obtained from the Monte Carlo simulations (see Figures

6-28 through 6-32). It is obvious that taking arithmetic or harmonic mean as the effective

hydraulic conductivity of the heterogeneous field leads to underestimation or

overestimation of surface runoffpeak and volume, respectively. The geometric mean

gives more acceptable results, although it is not particularly accurate. Generally speaking,

using the geometric mean hydraulic conductivity as the effective parameter

underestimates surface runoff volume and overestimates runoff peak.

Figure 6-33 gives a comparison of the total runoff volume for all cases. When the

standard deviation of heterogeneous field is as high as 1.5, using the arithmetic mean as

the average hydraulic conductivity generates no runoff because the arithmetic mean is so

high that all rainfall infiltrates into subsurface. Our numerical experiments show that no

single effective parameter exists that will reproduce or well approximate the average

hydrograph obtained from the Monte Carlo simulations, however, use of the geometric

mean gave more accurate results than use of the arithmetic or harmonic mean of

hydraulic conductivity.
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Figure 6-28. Runoff hydrographs from Monte Carlo simulations for a standard deviation

of log k of 0.5 and the deterministic numerical model using the arithmetic mean,
harmonic mean, and geometric mean as the hydraulic conductivity.

Figure 6-29. Runoff hydrographs from Monte Carlo simulations for a standard deviation
of log k of 0.65 and the deterministic numerical model using the arithmetic mean,
harmonic mean, and geometric mean as the hydraulic conductivity.
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Figure 6-30. Runoff hydrographs from Monte Carlo simulations for a standard deviation

of log k of 0.8 and the deterministic numerical model using the arithmetic mean,
harmonic mean, and geometric mean as the hydraulic conductivity.

Figure 6-3 1 . Runoff hydrographs from Monte Carlo simulations for a standard deviation
of log k of 1 . 1 and the deterministic numerical model using the arithmetic mean,
harmonic mean, and geometric mean as the hydraulic conductivity.
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Figure 6-32. Runoff hydrographs from Monte Carlo simulations for a standard deviation

of log k of 1.5 and the deterministic numerical model using the arithmetic mean,
harmonic mean, and geometric mean as the hydraulic conductivity.

Figure 6-33. Runoff volumes obtained from Monte Carlo simulations and the

deterministic numerical model using the arithmetic mean, harmonic mean, and geometric
mean as the hydraulic conductivity.



168

6.7 Conclusions

In this chapter, a 1-D stochastic analytical model based on first-order perturbation

techniques was developed. The model can be used to predict the runoff water depth and

discharge rate standard deviation resulting from uncertainties in saturated hydraulic

conductivity, Manning’s coefficient and microtopography. The analytical model was

developed after introducing steady-state, infinite domain, and constant water depth

assumptions so caution should be exercised when applying the model to areas of the

domain close to boundaries and during extremely transient situations. From this

analytical model, the effective parameter values of hydraulic conductivity, Manning’s

coefficient and surface elevation were derived. Several examples were used to test the

analytical model.

The analytical model accurately predicted the runoff water depth uncertainty

resulting from the uncertainty of Manning’s coefficient, although it slightly

overestimated the water depth uncertainty compared with Monte Carlo simulations. From

the analytical model, the water depth standard deviation due to the spatially

heterogeneous Manning’s coefficient field is proportional to water depth and the standard

deviation of the Manning’s coefficient field. As runoff water depth increases, the

prediction uncertainty for water depth increases, thus the discrepancy between the

analytical model and the Monte Carlo simulation is significant for areas close to the

downstream boundary and small for areas close to the upstream boundary.

The effective parameter value for Manning’s coefficient developed from the

analytical model is only a function of the variance of log Manning’s coefficient and the

geometric mean of Manning’s coefficient so it is very convenient to use. The effective

parameter of Manning’s coefficient gave satisfactory results when it was used to predict
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the runoff water depth standard deviation, mean runoff hydrograph and mean runoff

volume.

The analytical model reasonably predicted the water depth standard deviation for

a heterogeneous hydraulic conductivity field. However, it overestimated the surface water

depth uncertainty. From the analytical model, the water depth standard deviation due to

the spatially variable hydraulic conductivity is proportional to the correlation scale,

geometric mean and the standard deviation of the hydraulic conductivity, and inversely

proportional to the mean runoff water depth and the square root of the mean surface

slope. The dependence on mean water depth explains why the difference in the water

depth standard deviation between the analytical model and the Monte Carlo simulation is

large for areas close to the upstream boundary and small for areas close to the

downstream boundary.

The effective parameter value for hydraulic conductivity is a function of water

depth, so it is also a function of time. This means that no single value is available for

effective hydraulic conductivity for the transient problem. Based on the expression of

effective parameter of hydraulic conductivity derived in this study, the correction to the

geometric mean hydraulic conductivity is small when the water depth is very shallow.

Thus, the geometric mean may be the best effective parameter value for this case. After

comparing the hydrographs from approaches using the geometric mean, arithmetic mean

and harmonic mean as the uniform equivalent hydraulic conductivity, we conclude that

geometric mean is the best one among them. Although we may find a better single

effective parameter value that produces a surface runoff volume closer to that produced

by Monte Carlo simulation, the shape of the hydrograph obtained using this effective
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parameter value, however, will be quite different from the mean hydrograph from Monte

Carlo simulations.

The analytical model significantly underestimates the runoff standard deviation

resulting from a heterogeneous surface elevation field. From the analytical model, the

water depth standard deviation due to the spatially variable microtopography is

approximately inversely proportional to the correlation scale and mean of the surface

slope, and is approximately proportional to mean water depth and the standard deviation

of microtopography. Thus, the difference in the standard deviation of water depth

predicted by the analytical model and the Monte Carlo simulation is large in the center of

the domain and small for the areas close to the upstream and downstream boundaries.

The effective parameter value for surface slope is inversely proportional to

surface slope. The correction to the mean surface slope increases with the variance of

microtopography, and decreases with the mean surface slope and correlation scale of

random microtopography field. Unfortunately, the correction to surface slope is very

small for the Monte Carlo simulations conducted in this research so Equation 6-67 could

not be validated.



CHAPTER 7

SUMMARY AND CONCLUSIONS

In this study, a model was developed to couple evapotranspiration, overland flow

and unsaturated subsurface flow. The 1-D Richards’ equation was selected for solving

unsaturated flow using a finite element method. Evaporation and transpiration were

modeled as a specified flux boundary and internal sink respectively within the

unsaturated soil moisture flow model. The unsaturated flow model was tested against

several examples taken from the literature. The model can use potential

evapotranspiration saved in an input file or calculate it using the Penman-Monteith

equation. The actual evaporation and transpiration are calculated by introducing a

reduction coefficient, which can be determined using several methods. The model can use

average daily evapotranspiration or evapotranspiration with a diurnal cycle.

A 2-D diffusion wave model of overland flow derived from the Saint Venant

equations was selected to simulate surface flow, and was solved by a finite element

method. Several examples taken from the literature were used to test the overland flow

model. The overland flow model was coupled with the unsaturated subsurface model by a

common boundary—the ground surface, and the coupling parameter was water flux at the

interface. The coupled model was tested against the field study by Jacobs et al. (2002) for

comparison of actual evapotranspiration, water table depth and soil moisture content. It

was also tested against the experimental data by Smith and Woolhiser (1971) and

numerical results by Akan and Yen (1981) and Singh and Bhallamudi (1998) for the

comparison of the surface runoff hydrograph resulting from the interactive process of
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overland flow and vadose zone flow. The various examples given in Chapters 1 , 3 and 4

for the verification of both the coupled model and its several components established the

reliability of the coupled model predictions. Thus, it was used for the stochastic analysis

of surface runoff.

Using the coupled numerical model, Monte Carlo simulations were conducted to

study the prediction uncertainties in surface discharge rate and surface water depth

produced by undetermined spatial variability in Manning’s coefficient, surface elevation

and soil saturated hydraulic conductivity. Results show that as time increases, the

coefficient of variation of surface water depth increases when Manning’s coefficient is

spatially variable. For spatially variable microtopography and random hydraulic

conductivity, the coefficient of variation of water depth decreases significantly as time

increases. Thus spatially variable microtopography and hydraulic conductivity have a

greater effect on water depth prediction uncertainty at early times and Manning’s

coefficient has a slightly greater effect at later times. Regarding mean peak discharge and

mean total runoff volume, the random hydraulic conductivity field produced the largest

deviation from deterministic results obtained using a uniform field.

A 1-D stochastic analytical model based on first-order perturbation techniques

was developed and tested against the results obtained from the Monte Carlo simulations.

The analytical model was used to predict the runoff water depth and discharge rate

uncertainties resulting from uncertainties in saturated hydraulic conductivity. Manning’s

coefficient and microtopography. The analytical model gave results very similar to the

Monte Carlo simulation results when applied to predict the uncertainties of runoff water

depth and runoff discharge rate resulting from the uncertainty of Manning’s coefficient.
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The analytical model gave reasonable predictions of water depth and runoff rate standard

deviations from a heterogeneous hydraulic conductivity field, especially for low degree

of variability of hydraulic conductivity. As expected, when the degree of variability of

hydraulic conductivity increases, the discrepancy between results from the analytical

model and Monte Carlo simulations increases. The analytical model significantly

underestimates the runoff variability resulting from the heterogeneous surface elevation

field probably because the effects of higher-order perturbations were not considered in

developing the analytical model. In Horritt’s study (2002), the higher-order perturbations

resulted in an increase in both the mean water depth and its standard deviation.

The effective parameter values of Manning’s coefficient, surface slope and

hydraulic conductivity for random fields were derived from the analytical stochastic

model. The effective parameter value of Manning’s coefficient gave satisfactory results

when it was used to predict the runoff water depth uncertainty, the mean hydrograph and

the mean runoff volume. Based on the expression derived for the effective hydraulic

conductivity and surface elevation, the corrections to hydraulic conductivity and surface

slope are small when the surface water depth is very shallow, as was the case for the

Monte Carlo simulation example. Thus no attempt was made to test the effective

parameter values of hydraulic conductivity and surface elevation.

Based on the findings of current study, the following recommendations for future

research are suggested.

Monte Carlo simulations which use conventional Monte Carlo sampling methods

(MCS) are very computationally intensive. Computational demands may be reduced if a

more efficient sampling technique such as a Latin Hypercube Sample (LHS) algorithm is
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used. LHS is a stratified sampling technique where the random variable distributions are

divided into equal probability intervals. A probability is randomly selected from within

each interval for each basic event. LHS is generally more precise for producing a

representative ensemble of random samples than conventional Monte Carlo sampling,

because the full range of the distribution is sampled more evenly and consistently. Thus,

with LHS, a smaller number of realizations can achieve the same accuracy as a larger

number of Monte Carlo trials.

In this research, a 1 -D stochastic analytical model was developed and tested

against a 2-D Monte Carlo model. The performance of the analytical model should

improve if it is extended to two dimensions. Also, the analytical model was developed for

a steady state overland flow condition. It may be worthwhile to develop a transient

analytical model so that the impact of spatial heterogeneity on the runoff hydrograph can

be predicted analytically.



APPENDIX A
DERIVATION OF MATRICES A, B AND F

For two-node linear elements, the shape functions are expressed as

N
x

(e

\x)
=±^-
x

2
-X,

x
2
-Xj

A.l For Moisture-Content Based Governing Equation

Plugging Equation A-l into Au of Equation 1-21 renders

/*'•>, =
f'

,

A'A'A =i

X'>

2 = f N,NIdx =^
j(e) _ j(e) _A

21 ^ 12
—

A'% = [’N2
N

2
dx =±

where Le = x2-xi, is the length of the element.

So matrix A can be written as

A (e) = 3

L.
6
L

2 1

1 2

(A-l)

(A.2)

(A-3)

Considering the Bu term in Equation 1-22. We approximate D as

D(x,t) = NJ (x)DJ (t) = D
l

(A-4)
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B (e)
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So matrix B can be written as
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The load vector Fi is determined in a similar procedure:
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Here q in
(x, ) is the flux at node 1

.
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F2 can be calculated in the same way,

F (e)
2 = V Kk r^—dx +

*1 dx dx ox . dx
[~N

2
Qdx

A.2 For Pressure Based Governing Equation

Approximating rj(x,t) by following equation:

x
2
- X

1

X - X,
rj(x, t) = Nj (x)jjj (t) = rj

i

+ r/
2

x
2
-x, x

2
-x,

Substituting Equations A-l and A- 12 into An of Equation 1-31 we get

/r'
,
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Now consider the By term in Equation 1-32,
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(A- 11)
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(A- 15)
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Similarly we get:
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12
“ '
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\ x
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12
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K
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So matrix B can be written as,

(A- 17)
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e
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APPENDIX B
ROOT DENSITY DISTRIBUTION FUNCTIONS AND SOIL MOISTURE

RESTRICTION FACTOR

B.l Root Density Distribution Functions

If Ld(z) is the root length density ( L L~
3

), then the root density distribution

function can expressed as:

where g(z) is the root density distribution function (L'
1

); U is the total root depth (L); Ld

is the root length density (L L'
3

).

If Ld(z) = (l-c)Lr+2cz, then the root density distribution function is

where c is the constant depending on the plant and its vegetative stage (-); z is the current

root depth (L); Lr is the total root depth (L).

The root density distribution function was used by Hoogland et al. (1981) and

Perrochet (1987).

A logarithmic root density distribution model used by Jackson et al. (1996) and

Dogan (1999) can be obtained by setting Ld(z) = c
z

.

(B-l)

(B-2)

0.1<c<l, (B-3)

179



180

The root density distribution model used in this study can be obtained by setting

Ld (z) = e~
cz - e

~

cLr

,
after substituting it to Equation B-l, we get

g(z) =
c(e~

a -
)

1 - (1 + cL
r
)e~

cLr
0<C<1, |z|<Z

r
(B-4)

This new expression is easy to fit because only one parameter(c) needs to be determined.

B.2 Soil Moisture Restriction Factor

Feddes et al. (1978) proposed the following method to calculate soil moisture

restriction factor:

a{y/) = 1- ¥~¥\
y/\ < y < 0

- oo <i// <y/
2

(B-5)

where \\i is the soil suction around the roots at a given depth (L); vj/i is the minimum soil

suction at which roots have potential transpiration rate (L); v|/2 is the soil suction around

the roots from which the transpiration diminishes to zero (L).

Knstensen and Jensen (1975) proposed a soil moisture restriction reduction

function as:

a{iy) = 1 -
' Vfc-V

\yfc -Y„P )

(B-6)

where ny fc is the pressure head at field capacity of soil (L); ij/wp is the pressure head at

wilting point of soil (L); C3 is the shape parameter (>TP) (L), which defines the shape of

the water stress function; and Tp is the potential transpiration rate (L).



APPENDIX C
CALCULATIONS OF MATRICES FOR GALERKIN FEM APPROACH

Given a triangular element and linear interpolation functions, the procedures for

calculating matrix Ay
,
Bu, and Fi are listed in following.

4, = \aN,Njdi2 (C-l)

The integrals of this form are readily evaluated using the following convenient

relation.

La

x
Lb

2
Lc

3
dQ = 2Ae

a\b\c l/(a + b + c + 2)
!

(C-2)

where Lj, L2 , Li is the local coordinates of a triangle expressed in area proportion(-); a
,
b

and c are integration constants; Ae
is the area of triangular element(L

2
).

Li, L2, Ls are calculated by

A=4/A% l
2
=a2 /a\ 4 = 4/Ae

(C-3)

where Ae
is the total area of the triangle and A, (i=l ,2,3) denotes the areas of the

subtriangle i. Because the sum ofA1,A2,and A3 must equal Ae
, it follows that

Li+ L2+ L3=l (C-4)

It is easy to know that N i= L^ N2= L2 ,
N3 = L3 .

A
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N
l

dn=\
it
i}

l
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2
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1
dSl
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x 2!
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6

A e
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4 = \„N,N,dQ=\
!f
L

t
L,dn =

2A'

(1 + 0 + 1 + 2)! 12

Following the same procedures, other elements in Matrix A can be calculated. In

Matrix for A is written as

Ae =
12

2 1 1

1 2 1

1 1 2

(C-5)

B®j is calculated by Equation C-6

Bu = L/f,
;

- •
dNj

dQ,}n J
dXj 5x .

(C-6)

In calculating Bjj
,
we assume

K
22
=k

y
and ku =k21

=o

We also assume kx and k
y
within any point of the triangle can be approximated as
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2
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x 3
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(C-7)

The shape functions in Equation C-7 can be expressed as

N
i
= ^r(a/

+ Pix+ r,y) 1=1,2,

3

(C-8)

So dN,/ac = p,/2Ae

, 8N,/dy = y,/2Ae
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K
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dN, BNj
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The first part of is calculated:
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Where k x =(Kxl +Kx 2
+Kx3 )/ 3

The second part of b ij can be calculated using a similar procedure.

where k y = {KyX + Ky2 +Ky>3 )/3

Therefore B e

u can be written as

1 1

Bu + A " ky y,rJ )
=—(k x /3

I /3J +ky yIyJ )

Matrix F is calculated part by part

cbc
y

.

(C-9)

Figure C-l Evaluation of the flux term across the exterior element boundary.

To calculate the first part of F, it is assumed that in Figure C-l that nodes 1 and 2

lie on r e

N ,
Then the integration along this edge can be evaluated as

Jr„ NiqdT = \

L

0
N,qdS (C-10)

Where L is the length of edge 12, S is local coordinate.

Now along the coordinate S, the linear functions q and N1 are given by



184

s s
<7
=

<7i
+ “(<72 ~?i) N

'
=l
~J

N,

Substitution Equation C-l 1 to Equation C-12 yields,
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Similarly, it can be shown that
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2
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The second part is obtained as follows,
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APPENDIX D
DERIVING THE ATUTOCOVARIANCE OF WATER DEPTH, AND THE

CROSSCOVARLANCE FUCNTION BETWEEN SURFACE SLPE AND WATER
DEPTH RESULTING FROM RANDOM VARIABLE SURFACE SLOPE

Instead of expressing in the derivative of z in space, it is expanded in Taylor

series directly and used in developing P
sh (£) and P

hh {Q

.

For Expanding S
fx

in Taylor series,

ol/2 _ r.1/2 1 rr-1/2 _ /7T
^fx

— +
2

—
V 0V 1

'

V
25

0 j

(D-l)

Substituting Equations 6-9, 6-12 and D-l into Equation 6-5 and assuming steady

state condition, then we have.

d_

dx,
V/U-P'V

3
Vv S' =-^ 0 +*;) (D-2)

Collecting perturbation terms respectively and neglecting second order terms.

_d_

dx. 3n„

= -kk; (D-3)

* y

Pre-multiplying Equation D-3 by surface slope perturbation S\x')
, bring this

perturbation inside derivatives with respect to x, assuming that surface slope, Manning’s

coefficient and saturated hydraulic conductivity are not related with each other and taking

the expected value gives the governing equation for P
Sh (x',x) ,

which is the cross-

covariance of surface slope and water depth,
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_d_

dx
,

*”
,w, x)pJEPlw, x)

V s
3n„

= 0 (D-4)

y

where Pss (x',x) is the auto-covariance of surface slope; P
sh
(x',x) is the cross-covariance

of surface slope and water depth.

From Equation D-4 we have

3h
P
Sh (x\x) = -

:̂ -Pss(x',x) (D-5)

Post-multiplying Equation D-3 expressed in x by water depth perturbation h'(x)

,

bringing this perturbation inside derivatives with respect to x’, and taking the expected

value give the governing equation for P
hh
(x',x)

,

d_

dx,

75/3

2ng^o
Pss (* 5

x) +

V 8

5

3n„

2/3

JS~0 h
5/3

= -KKPKh (x',x) (D-6)

where P
hh
(x',x) is the auto-covariance of water depth; P

5A
(x',x) is the cross-covariance

of surface slope and water depth; P
nh
(x',x) is the cross-covariance of Manning’s

coefficient and water depth P^
A
(x',x)is the cross-covariance of hydraulic conductivity

and water depth.

For this part we are only interested in deriving a relation between P
hh (x',x) and

P
Sh

(x', x)

.

From Equation D-6, we have,

3h
P
hh (X ’

X)
= - PSh(X ’ X )

Combining Equations D-6 and D-7, then we have

3h

(D-7)

phh(x '’ x)
=

V
1 O^o J

Pss(x',x) (P-8)
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If we define C, = x - x , then Equations D-5 and D-8 can be rewritten as,

3h
P

sh (C) =-^— P'(C)
10S„

^

P
hhiO =

A
3h

V

V
1 050 j

PssiC)

The covariance of slope can be calculated from the covariance of

microtopography. The relation between topography and surface slope exists,

dz

According to Gelhar (1993), the covariance functions of surface slope and

topography are related by the second-order differential equation.

PSS (C) =
d 2P

:z (C)

So if the P
zz (£) is give by Equation 6-33, then P

ss (g) is given by

cr -Pss (C) = -^e

From Equation D-13 it is straightforward to write the relation between cr]

cr in the following form,

(D-9)

(D-10)

(D-l 1)

(D-12)

(D-13)

and

(D-l 4)
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